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Part I 

Some Facts from p-Adic Analysis 

Everywhere henceforth we shah assume, unless otherwise stipulated, 
that p takes all prime numbers, p = 2,3,5,... , 137, . . . , and 7 takes all 
integer (rational) numbers, 7 = 0, ±1, ±2, . . . , 7 G Z; By Z+ we shall 
denote the set of natural numbers 7 = 1, 2, .... If IK is some field (or ring), 
by we shall denote its multiplicative group. 

§1. The Field of p-Adic Numbers 

Denote: by Q the field of rational numbers, by R the field of real 
numbers, by C the field of complex numbers. 

Let p be a prime number. Any rational number x ^ uniquely repre- 
sented in the form 

X = zizp^a/b 

where 7 G Z and a, b are natural numbers not divisible by p and without 
common divisors. p-Adic norm \x\p of the number x G Q is defined by the 
formulas 

\x\p = p''^ ,x 0, |0|p = 0. 

The completion of the field Q with respect to the norm | • |p is the field of 
p-adic numbers Qp. 

The canonical form of a p-adic number x is 

X = p^{xo + xip + X2p'^ + . . .) (1.1) 

where 7 — 7(x) G Z, xj — 0,1,... ,p — l,Xo ^ 0,j = 0,1,..., besides 
\x\p = P~^- The number —7 is called the order of number x and it is 
denoted by ordrr, ordx = —^{x), ordO = —00. 

The norm | • \p possesses the following characteristic properties: 

l)|x|p > 0, \x\p = X = 0, 

'^)\'^y\p ~ {"^Iplylpi 

^)\x + y\p ^max{\x\p,\y\p). (1.2) 



Besides, 



3')\x + y\p = max(|a:|p, \y\p), \x\p 7^ \y\ 



pi 
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3 + ^ |2x|p, l^lp — \y\p- 

Thus, owing to (1.2), the norm | • |p is non-Archimedean and the space 
Qp is ultrametric. 
Denote: by 

B^(a) = [x e Qp : \x — a\p ^ p^] 
a disk with a center at the point a G of radius p'^ , Bj = B^{0); by 

Sj{a) = [x ^ Qp : \x — a\p = p^] 

a circumference with the same center and radius, Sj = 5-^(0). 
Obvious relations are valid: 

Bj{a) = Uy^^S'y(a), Sj{a) = Bj{a)\B^_i{a) , 

Qp = U^ezB^ia), Q^ = U^ezS^{a). 

The geometry of the space is very unusual: all triangles in it are 
isosceles; every point of a disk is its center; a disk has no boundary; a disk is 
a finite union of disjoint disks of smaller radii; if two disks have a common 
point, so one of them is contained in another; a disk is open compact. 

A set of Qp which is closed and open is called clopen set. 

Denote: by Zp = Bq the maximal compact subring of the field (the 
ring of integer p-adic numbers); by Zp = Sq multiplicative group of the 
ring Zp (it is the group of unities of the field Q^); by Ip = pZp = B_i 
maximal ideal of the ring Zp. 

The residue classes Zp/Ip form the finite field which is isomorphic to 
the residue classes module p:{0,l,...,p— 1}. 

Introduce special sets: 

Gp=[xeQp: \x\p ^ |2p|p]; 

Jp = [x e Z^ : 1 - X e Gp], 
Jp is a multiplicative group; 

S'y,koki...kn = [2^ G : Xq = ko, Xi = ki, . . . , Xn = kfi]] 
gkok\...kn _ ^ : Xq ^ kg, Xi ^ ki, . . . , Xn 7^ kn], 

where kj = 0, 1, . . . ,p — 1, /cq 7^ 0, jf = 1, 2, . . . , n. 
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The sets just introduced are open compacts in Q^. 

Rational part {x}p of a number x G Qp is {x}p = if 7(x) ^ 0, and it 

is 

{x}p = p^{xq + xip + . . . + X-^-ip~^~^) if 7(x) ^ -1. (1.3) 

Denote by Q^^ the multiphcative group of squares of p-adic numbers. 

In order a number x G belongs to ^, it is necessary and safficient 
that ^{x) is even and 



p 

Here 



^^^=l,p^2; xi=X2 = 0,p = 2. 



a E Z.a^ O(modp) 

p/ 



is the Legendre symbol which equal to 1 or -1 subject to if the number x is 
quadratic residue or non-residue module p. 

Thus the group /Qp ^ consists of four elements (1, e, j), ep) where e is 
any unit of the field which is not a square in if p 7^ 2, and it consists 
of eight elements {1, 2, 3, 5, 6, 7, 10, 14} if p = 2. 

§2. Some Functions on 

Characters of the field Q^. Let x(x) be an additive character oi the 
field Qp, 

X{x + y) = xix)xiy), \xix)\ = l,x,y eQp. (2.1) 
Standard additive character of the field has the form 

Xpix) = exp(27ri{x}p) (2.2) 

where {x}p is the rational part of x G Qp which is defined by the formula 
(1.3). 

The general form of an additive character of the field is 

X{x) = Xpi^x) = exp(27ri{^x}p) (2.3) 

for some ^ G Qp. 

Let 7r{x) be multiplicative character of the field Qp, 

7r{xy) = 7r{x)7r{y), \7r{x)\ = l,x,yeQ^. (2.4) 
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The general form of a multiplicative character of the field is 

7r(x) = iTiaA^) = X G (2.5) 

wliere a G M is defined by tlie equality 7r{p) = and 9{t),t G Zp is a 
character of the compact group normalized by the condition 9{p) = 1. 
(The set of the latters is countable and discrete.) 

If the unitarity condition |7r(a:)| = 1 in (2.4) is not fulfilled then the 
function 7r{x) is a representation of the group in C, and its general form 
is given by the formula (2.5) in which ia is any complex number, so that 

7ra,eix) = \x\'^-^e{x), X G Q;,a G C. (2.5') 

Such functions are called quasi- characters. A quasi-character 7r{x) = \x\p~^ 
for which ^ = 1 is called principal quasi- character. 

Let d ^ Qp . Without loss of generality it is possible to suppose that 
d is square free of p-adic numbers, that is it is one of the listed in §1 forms, 
p, e,pe, \e\p = 1, e ^ Q^^ for p ^ 2, and 2, 3, 5, 6, 7, 10,14 for p = 2. 

Denote by (d) the set of p-adic numbers in which are repre- 

sentable in the form — d(3'^, a, (3 ^ Q^; Qp (d) is a multiplicative 
group. 

The Hilbert symbol (^^^,x,y G by definition is equal to 1 or -1 

subject to the form xa^ + y(3'^ — 7^ represents nontrivially zero in Qp or 
not. 

The Hilbert symbol has the following obvious properties [5]: 




Here e and 77 are any units of the field Q^. 

From here it follows a criterion in order that a p-adic number x belongs 
to Qp (d) for p 7^ 2. In order that x G (d) it is necessary and sufficient: 

for d = e j{x) is even; for d = p j{x) is even and ( ^ ) = 1 or j{x) is odd 



and (^"^^ = 1/ for d = pe j{x) is even and = 1 or j{x) is odd and 

(^^) ~ (^i^^^^^ criterion takes place and for p = 2.) 

Hence, The group Qp/Qp{d) is isomorphic to the group (1,-1)^ and 



the function 



1, xeQ^id), 
-1, x^Qiid) 



(2.6) 



is a multiplicative character of the group . 
Directly from the definitions it follows 



p 



, X e 



-p 



d^ 



If- 



(Note that always ( ^^^^ ] = 1 if d G Q^^) 



p J ~ 

Xp-function of field Qp is defined by the following way [la)], [6a)] 



f 1, Jix) = 2k, p^2, 

exp[7ri(l/4 + xi)], y{x) = 2k, p = 2, 
t exp[7ri(l/4 + xi/2 + X2)], 7(x) = 2A; + l, p 



Xp{x) = < 



= 2. 



Properties of Ap-function — ^ C. 



\Xp{x)\ = l, Xp{x)Xp{-x) = 1; 



Xp{x) = Xp{y), xy G 



Kix)Xpiy) 

Ki^ + y) 

Mx)Xp{y) = 



= X 



p 



xy \ 



x + y 



x,y 
p 



Xp{xy)Xp{l). 



(2.7) 



Puting in (2.7) y = —dx and using the formula (2.6) we obtain relation 
[6a)] 



sg%,<ia; = Ap(a;)Ap(-<ii;)Ap(oi)Ap(-l),a;eQ;, d^Qf. (2.8) 
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Note the following formulae [6a)] 



7(x)7(d) 



In particular, for d = 3(mod4) we have [6b)] 



1^ (-1=1, 
p' ' 



(^)(-l)^(x), p = d, 
(-1)^1, j9 = 2,d = 7(mod8), 
, (-1)^i+t(^), p = 2,d = 3(mod8). 

Note the following infinite products, which are valid for x,y ^ 



oo 



\X 



oo 



OO — l-^l'l 



p=2 



Xooix) Yl Xpix) = 1, Xooix) = exp(-27rix); 

p=2 

oo 

^ooix) ]^ Ap(x) = 1, Xoo{x) = exp(-i7r/4sgnx); 

p=2 



oo 

^)n( 



X 

oo 



p=2 



P 



= 1 



where x,y G Qp and 



V oo / 



-1, x<0,y<0, 
1, otherwise ; 



oo 



sgnoo,d^ n ^^^P,d^ = 1 



9 



where 

f sgnx, <i < 0, 
^ '^'^ I 1, d>0. 

Infinite products in formulas (2.10)-(2.14) converge for all rational x and y 
as only finite number of factors in them are different from 1. Formulas of 
such kind are called adelic. 

Denote: r^(|a:|p) is the characteristic function of disk Bq, so fl{t) = 1, 
if ^ t ^ 1 and Q{t) = 0, if t > 1; — p^) is the characteristic 

function of circumference S^; 6{x£ — k) is the characteristic function of the 
set [x G Qp : X£ = k], k = 1,2,... ,p — 1 for ^ = and k = 0,1, . . . ,p — 1 
ioT £ = 1,2,... . 



§3. Analytic Functions 

Let ^ be an open set in Q^. Function / : ^ — ^ is called analytic 
in ^ if for any point a G there exists a 7 G Z such that in the disk 
(a) C ^ it is represented by a convergent power series 

00 

fix) = Y,Ckix-a)K (3.1) 

k=o 

Radius of convergence r = r(/) of the series (3.1) is 
r=p^, cr = -^limfe^oo^ln|/fe|p. 

The series (3.1) converges if, and only if, the series 

00 

k=o 

converges, and it is possible to differentiate it term by term in B^{a) infinite 
numbers of times, 

00 

/H(x) = ^k{k-l)...{k-n-Vl)ck{x-af-'', n=l,2,... , (3.2) 

k—n 

and also 

^k = -^, A; = 0,1,.... (3.3) 
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By every differentiation of series (3.1) the radius of convergence of the 
differentiated series (3.2) may only increase. 

The functions e^, In a;, sin a;, cosx, tgx, arcsinx, arctgx are analytic, 
they are defined by the following series 



OO iU 



k\ 

k=0 

OO I. 

Inx = ln[l — (1 — x)], a; e J^; Inx = — — , x G Gp, (3.5) 

k=l 

OO (_l)k 

cosx = ^ x^^, X G Gp, (3.7) 



(2/c)! 

tgx= , X G Gp, (3.8) 

cosx 

arcsinx ^ S 92fer^h2r9^ ^ n ^'"'^'- ^ ^ ^^'^^ 



fc=0 

smx 



22'^(fc!)2(2/c+l)' 

(-1)' 



k=o 

OO ^ -\fc 



arctgx = ^^— -^x2'=+\ xGGp. (3.10) 

The following relations are valid 

(e^)' = e^, e^e^ = e^+^ x.y^Gp, (3.11) 

|c Ip — 1, |c -^Ip — ^ (3.12) 

ln(x?/) = Inx + In?/, x,y^Gp, (3.13) 

I ln(l + x)|p = |x|p, X e Gp, (3-14) 

lne'^ = x, X e Gp] e^^^ = x, x e Jp. (3.15) 

The function realizes the analytic diffeomorphism of additive group 
Gp onto multiplicative group Jp. The invers map is realized by the function 
Inx. 
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All formulas of classical trigonometry are valid. Their proofs easily 
follow from the formal relation 

e^^ = cosx + isinx, x^Gp (3.16) 

where the symbol e^^ is defined by series (3.3) provided that = —1. In 
particular, 

sin^ X + cos^ a; = 1, x E Gp. (3-17) 

e^'' = cosx + 6'sinx, x e Gp, e^ = -l,eeQp (3.18) 

(the last is possible only for p = l(mod4)). 

Functions sin x and tg x realize the analytic isomorphysm of group Gp 
onto Gp] invers maps are given by functions arcsinx and arctgx respect. 

§4. The Haar Measure on Q^. 

As Qp is a commutative group on addition so on it there exists an 
ivariant measure (uniqe up to a factor), the Haar measure, which we denote 
by dpX, 



dp{x + a) = dpX, a G Q^; dp{ax) = \a\pdpX, a G 
Normalize the measure dpX by the condition 



/ dpX = 1. (4.1) 



The normed Haar measure dpX on is 



dpX = {1 - p~'^)~'^^^, dp{ax) = dpX,a,x eQp (4.2) 



\x 



p 



so 



Let M c Qp be a measurable set (on the Haar measure). Integral of a 
function / : M — ^ C on the set M we will write in the form 



'M 



f{x)dpX, / f{x)dpX = / f{x)dpX. 

J Jo 
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Let 1 ^ g ^ oo be. The set of functions / : ^ C for which f{x)=0,x^ 
M and 

/ \f{x)\'^dpX < oo, if g < oo, 
'm ^ 



oo = vraisup \f{x)\ < oo, if g = oo, 



we denote by ^(M), = i^(Qp). If ^ is an open set in then the 

set of functions f : ^ ^ C for which for any compact K C 0" / G ^{K) 
we denote by ^^J^), = ^oc^^^')" 

Functions of the set ^^^{^) are called locally-integrable in ^. 

Let a function / be in ^^^(Qp ). (Improper) integral of a function / 
on ^ 



oo 



f{x)dpX= ^ y fix)dpX, 
is called the limit (if it exists) 



7= — oo " ^1 



lim / = lim >^ / f(x)dx. 



Example. Integral 



Zp 



= i-^ (4.3) 



exists for Re > 0. 

The formula of change of variables in integral: if x{y) is an 
analytic diffeomorphism of a clopen set D' C onto D C Qp, and also 
x'{y) ^ 0,y ^ D', then for any f G ^{D) the formula is valid 

/ f{x)dpx= / fixiy))\x'{y)\pdpy. (4.4) 
Jd j d' 

Example. Let x = {py)~^,dpX = p\y\p^dpy be. Then owing to (4.3) 
we have 

[ \x\p~'^dpX = p'^ [ \y\p°'~^dpy= ^ _J Rea<0. 

^|a;|p>l J Zp P ~ ^ 
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Example. The linear-fractional transformation is 

ay + b fa b\ on 



\ad — hc\p 
\cx + d\'p 



§5. n-Dimensional Space 

Space Qp = Qp x x . . . x (n times) consists of points x = 
{xi,X2, . . . , iCn)? G Qp, J = 1, 2, . . . , n supplied with the norm 

\x\p = max l^^jlp. (5.1) 

This norm possesses properties l)-3) §1 so the space is ultrametric 
(non- Archimedian) . 
Scalar product 

{x,y) = xiyi + X2y2 + ••• + Xnyn, x,yeQp 
satisfies the inequality 

\{x,y)\p ^\x\p\y\p, x,yeQp. 
We denote the Haar measure on 

dp{x + a) = dpX, aeQp, dp (Ax) = \ detA\pdpX 

where x Ax is a linear isomorphism of onto (det A 0). 

Henceforth we agree in integrals on whole space to omit a domain 
of inegration, 

J ^ f{x)d^x = J f{x)d^x. 

Spaces of functions ^(M) and J^^^(^), M,^eQp are defined analogously 
to the case n = 1 (see §4). 

As in the case n = 1 with the help of the notions introduced we define: 
B^{a) is the ball of radius with the center at point a = (ai, 02, . . . , an) G 
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and Sl^{a) is the sphere of radius p"^ with the center at point a; 5"(0) = 



B'^{a) = B^{ai) x B^{a2) x ... x B^{an). 



The Fubini theorem. // a function f : Q^"^"^ C is such that the 
repeated integral 

/ \f{x,y)\d;^y 



exists then f is in 

^^Qn+m^j aqualities are valid 

J f{x,y)d^y d^x = J f{x,y)d^xd^y = J J f{x,y)d^ 

(5.2) 

Change of variables. It x = x{y) is an analytic diffeomorphism of a 
clopen set D' C onto set D C and also 



d'^y. 



det ^ = det 
oy 



f dxk\ 

V dyj J 



j^O,yeD' 



then for any f £ {D) the equality is valid 



'D 



f(x)d;x = J f{x(y))\ det ^^\pd;y. 



(5.3) 



The Lebesgue theorem on passage to the limit under the sign 
of integral. If a sequence fk,k ^ oo of functions fk G converges almost 
everywhere to a function f{x) and there exists a function ip G ^ such that 



|/a;(^)| ^ ip{x) for almost every x G 



then the equality is valid 



\im^Jfkix)dpX = J f{x)dpX. 



§6. Generalized Functions on 
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Let G be an open set in Q^. A function (p : ^ called locally- 
constant in if for any point x ^ G there exists 7 G Z such that 

(p{x^x') = (f{x),x' ^B!!^, x^0. 

The set of all locally-constant functions in we denote by S'{0'); S'= (o{Qp). 
Every functions in G (^^) is continuous on G. Its support, which is the 
closure of points a; G ^ for which (f{x) 7^ 0, we will denote by spt ip. 
Examples. 

A function ip G S{G) is called test function in & (the Bruhat-Schwartz 
function) if its support is compact in The set of test functions in & we 
denote by <5^(^); ^Q^). Every function in is uniformly locally- 

constant in 

Examples. 

Ofe(x) = 0(p-'=|x|p)G^, /cGZ, (6.1) 

Afe(x) = /0(/|x|p) G ^, k^Z. (6.2) 

|x|pQ(|x|p) G ^(Q^\{0}). 
Xp((^,x))0(|xk)G^, 

8{\x\p-v^)^y{s^), -i^z. 

5{\x\p - p^)Sixo -k)e y{S^), = 1, 2, . . . ,p - 1, 7 G Z. 

If K is an open compact in then 9k is in y{K). Here 9m is the charac- 
teristic function of a set M C : 6'M(a^) = 1, a; G M, 9m{x) = 0, x ^ M. 
Convergence in ^(^), 

(^fe ^ ^ 00 ^(^), 

means: 

(i) there exists a compact K (Z G not depending on such that spt (pk C 

(ii) there exists 7 G ^ depending neither k nor x such that 

Lpkix + x') = pk{x),x' e B"^, X e K; 
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{in)(fk{x) =^ 0^ X E k ^ oo. 

Generalized function on ^ is called any linear continuous functional 
f : If ^ {f,(f) on The set of all generalized functions on ^ we denote 

by y{^);y = y{q;). 

Convergence in ^ {0)^ 
is defined as the weak convergence of functional in ^(0), that is 

(/fc,(^)^0,/c^oo, ipey{0). 

Every linear on y{0) functional f is continuous on ^(0), that is 

In an open set there exists "decomposition of unity" with functions 
in y{0), namely if 

^=U^=iGfe, GknGj = %,k^j 
where Gk,k = 1,2,... are clopen compacts, so the equality holds 

oo 

^^G.(x) = l, xe0. (6.3) 

k=l 

A generalized function / in ^(^) vanishes in an open set ^ C ^ if (/, (f) = 
0,ip E besides we write: f{x) = 0, x G Generalized functions / 

and g in ^(0) coincide in (equal in) ^ C 0, f = g in ^ , iS f (x) — g{x) = 
for X G The largest open set in which vanishes / G 6^ {^0) is called null- 
set of /, and it is denoted by ^/ C K closed in & set f is called 
support of /, and it is denoted by spt /, spt / = ^\^/. 

We denote the set of generalized functions with compact support in 
by ^(^), ^ = (^(Qp); ^(^) is the strongly conjugate space to (^^). 

Example. 6 -Function 

{6,ip) = ip{0), spt(5 = {0}. (6.4) 
Conversely, every f E ^ , spt / = {0} has the form 



f = C8 



(6.5) 
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where C 7^ is an arbitrary constant. 

A sequence {6k, k 00} of functions 6k{x) in c5^is called 5— like if it is 
bounded in and for any 7 G Z the limit relation holds 

/ 5k{x)d'lx ^ I, I \5k{x)\(rix ^ k ^ 00. 

Thus, 

— ^ (5, — ^ 00 in y'. (6.6) 

A sequence {cjfc, k 00} of functions ujk{x) in ^is called 1-like if it is 
the Fourier-transform (see below §7) of some ^— like sequence {6k, k 00}. 
1-Like sequence is bounded in and for any7 G Z 

^k{x) ^ l,x G B^, k ^ 00. 

Thus, 

a;fc ^ 1 , ^ 00 in ^ . (6.7) 
If / G ^ioc(^) so / G ^(^), besides 

{f,ip) = I f{xMx)d;x, cp G ^(^). (6.8) 

Generalized functions of the form (6.8) are called regular in the 
others are called singular. ^-Function is singular in Q^, and it is regular in 

%\{0}- 

Let be in ^. If / G S^{if\{0}) then it admit an extension (regular- 
ization) fi G {0) on 0" and all its regularizations, reg/, are given by the 
formula 

reg/ = /i + C(5, (6.9) 
where C is an arbitrary constant and /i can be choosen in the form 



besides 7 G Z is such that B'Hj C ^. Note, that this fact does not take place 
for generalized functions of real arguments! As an example of such / is 
function f{x) = exprr"^. 

For / = \x\p^ as a regularization it is possible to take the functional 

(reg \x\~^,if) = J \x\~^[if{x) - n{\x\p)(f{0)]dpX, ip e y. 
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The generalized function reg \x\~ gives another example of singular gener- 
alized function on Q^. 

The product of a generalized function / G ^{^) on a function a G 
is defined by the formula 

(a/, ^) = (/, a^),^e ^(^), af G ^(^). (6.10) 

Examples. 

a{x)S{x) — a{0)S{x). 
If / G ^^^{^), so af coincides with ussual product of functions a{x) and 

If / G .5^(^) and spt / is clop en set in 0', so 

/(^) = ^spt/(^)/(^)- (6.11) 

Finelly, if / G so 

cokf ^ f,k ^ oo in y (6.12) 

where {cj^, /c ^ oo} is any 1-like sequence. 

In S^(^) theorem on "piecewise sewing" is valid. Let a collection of 
generalized functions fk G y'{Gk),k = 1,2,... be given where Gk,k = 
1,2,... are clopen compacts satisfying conditions Gk OGj = ^ j. Then 
there exists a (unique) generalized function / G c5^(^) such that f = fk in 
Gfe, /c = 1, 2, . . . and ^ = Ufc^iGfc. 

Therem on "nucleus". Let (p ^{^) be a linear map o/c5^(^), ^ G 
Qp into if G Q^. Then there exists a (unique) generalized function 

f G y{^x 6') such that 

(a(^), V^) = (/, ipix)^{y)), if G ^(^), G 

The spaces ^{0) and {0) are complete, reflexive and nuclear; y{0') 
is dense in 3^(^). 

Linear change of variables y = Ax + b, det A 0, maps a gen- 
eralized function f(y) in y(^) in the generalized function f{Ax + 6) in 
y {^0) by the formula 

(/(Ax + 6),(^) = (/(?/), ^(^-i(?/- 6))), ^G^(^). (6.13) 

Examples. b{x) = d{—x), {6{x — Xq), Lp) = <f{xo). 
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The direct product f{x) x g{y) of generalized functions / G ^(^i), 
^1 C Qp and g G ^ (^2), ^2 C is defined by the formula 

{fix) X g{y), ifi) = {fix), {g{y), ifi{x, y))) , if G ^(^1 x ^2). 
The direct product is commutative, so 

/(x) X g{y) = g{y) x fix) G ^(^1 x ^2). (6.14) 
For g = 1 the formula (6.14) takes the form 

{fix), f ^ix,y)d^y) = I ifix),^ix,y))d^y, f G ^(^i), 

if G yi^i x ^2) (6.15) 

(generalization of the Fubini theorem, see §5). 

Convolution f * g of generalized functions f ^ S, spt / G and 
G is defined by the equality 

(/ * V^) = Uix) X giy), ^Nix)^^ix + y)), if e y. (6.16) 

On the base of this definition the convolution of generalized functions / and 
in .5^ is defined by 

(/ * V^) = lim ifix) X giy), ^kix)^ix + y) = lim H^kf) * 9, ^) 

if the limit exists for any cp ^ y, so f * g G . 

If the convolution f *g exists then the convolution * / also exists and 
they both are equal icommutativity of convolution), 

f^9 = 9^f. (6.17) 

Examples. 

f*6 = 5^f = f, fey. (6.18) 

If f e y and ip G ^then the convolution is a locally-constant function 
in Qp, besides 

(/ * ^)ix) = ifiy),^ix - y)),x G Q;. (6.19) 
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If {6k, k 00} is a ^— like sequence then 

/*4^/,/c^ooin^, fey. (6.20) 
If /, g in ^Q(3 and there exists a function q G -^qq such that 

-JBk 

then 

f*9 = q{x). (6.21) 

li f E y and the convoluton / * 1 exists then it is a constant. We call this 
constant integral of generalized function / on the whole space Q^, and we 
denote it by 

cj fix)d^x = f*l. (6.22) 
This definition is equivalent to the following: 

of f{x)d;x= lim(/,Ofc) (6.23) 

if the limit exists. 

If f e y and spt f C D where D is a clopen set in , so / = ^d/, 
and the integral (6.22) we denote by 

g[ f(x)d^x. 

JD 

In particular, if / G (f £ y and spt (/? C B^, so 

g[ f{xMx)d;x={f,^). (6.24) 



If / G ^,spt/ C B 



7' 



SO 



g[ f{x)d;x = {f,n^). (6.25) 

The notion of integral of a generalized function introduced is in fact an 
extension of the notion of integral on the Haar measure (see §§1,4). 



21 



Example. 

oj^ 6(x)dpX = 1. 

Multipliation of generalized functions. Let f,gheiii^. We call 
product f • g the functional defined by the equality 

f -9 = lim (/ * Ak)g 

fe^oo 

if the limit exists in so / • ^ G <5^. 

If the product / • g exists, so the product g ■ f also exists and they are 
equal {commutativity of product) 

f-9 = 9-f- (6.26) 

Examples. 

a-f = af, aeS',fey. 

In particular, 

/•I = !•/ = /, f^y, 

a{x) ■ 6{x) = a{0)6{x) 
if a is a continuous function in a vicinity of 0, 

\x\p ■ S{x) = 0,a > 0, • reg = 1. (6.27) 

As in the case of real field, a question arises: is it possible to define the 
product of any generalized functions by such a way that it was associa- 
tive and commutative? The answer is negative. Well-known example by 
L. Schwartz in p-adic case seems so. If such product would exist so owing 
to (6.27) we would have the following contradictory chain of equalities: 

= 0-reg \x\~-^ = {\x\p-6{x))-reg \x\~-^ = 6{x)-{\x\p-Teg \x\~-^) = 6{x)-l = 6{x). 



§7. The Fourier Transform 

Let if be in y. The Fourier transform (p = F[ip\ is defined by the 
formula 

^(0= / if{x)xp{{Lx))d;x, xeq;. 
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The Fourier transform is a linear isomorphism of ^onto .5^ and the inversion 
formula for the Fourier transform is vahd 

Examples. 

Ofc = Afc, Afc = Ofc, ke Z. (7.1) 

The Fourier transform / = of a generahzed function / G ^ is 
defined by the formula 

(/» = (/,(^), ^ey, 

so that fey. 

The Fourier transform / ^ / is a linear isomorphism of y onto y 
and the inversion formula is valid 

f = F-'[f] = F[f], fey 

where f{x) = f{—x). 
Examples. 

^ = 1, i = ^; (7.2) 

F[f{Ax + h)] = \deiA\-\^{-{A-\i))F[f{A-'i)l det^^O. (7.3) 
In particular, 

F[f{x-h)]=xAb.i))F[fm: (7.4) 

/ = /• (7.5) 

li f e^ then 

/(6 = / /(x)xp((^,x))d-x, (7.6) 

and also / is continuous in and /(^) 0, oo (analogy of the 

Riemann-Lebesgue theorem). 

If f e =^QQ and there exists a function q e =^qq such that 

/ fix)Xp{{^, x))d^x q{^), k^oomy 
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then 

/ = q- (7.7) 

If / G ^,spt/ C BV; then 

/(0 = (/(^),^^7(^)Xp((^,^)))- (7.8) 

li f then 

/ /(^)Xp((^,^))^^?^^/(0, /c^ooinJ^. (7.9) 

k 

The operator / ^ / is unitary in ^ so the Parseval-Steklov equality is 
vahd 

11/11 = 11/11, /GJ^ (7.10) 

where the norm ||/|| = ||/||2 = (/, Z)"*"^^ is defined in §4 and the scalar 
product (/, g) in is equal to 



if, 9) = J fix)9ix)d;x, f,ge^. 



The Cauchy-Buniakowski inequality is vahd 

l(/,^)l<ll/IINI, f,9^^. 

If / G ^ then 

hmp-^/^/ |/(x)|dj = 0. (7.11) 

JBk 

Theorem. Let f,g he in . The convolution f ^ g exists if, and only 
if, there exists the product f ■ g and the equalities are valid 

f^9 = f-~9, F9 = h9- (7.12) 
Note the following useful formula 

/ Xp{{x,0)d;x = ii-p--)p^-nip^\^\p)-q^'^-'^-6mp-p'-^) (7.13) 

7 

whence 

/ Xp(ix,0)d;x = p^^nip^\^M. (7.14) 



24 



The Gaussian integral Gp{a;^) is called the Fourier transform of the func- 
tion XpiO'X'^),a G Qp,p = 00,2,3, 5,... , 

Gp(a,^) = J Xpiax'^ -^^x)dpx = Xp{a)\2a\-^^\p{-^y4a). (7.15) 

The following adelic formula is valid 

00 

Gooia;^)l[Gp{a;^) = l, aGQ^^GQ (7.16) 

p=2 

which follows from the adelic formulae (2.10)-(2.12). 

§8. Homogeneous Generalized Functions 

Let 7r{x) = 7Ta^0{x) = |a:|p~-'"^(a:;) be a quasi-character of the field 
(see (2.5')). A generalized function / G is called homogeneous with 
respect to a quasi-character 7Ta,e if 

f{tx) = T:oc,e{t)f{x),t eq;, xeq;. (8.1) 

Homogeneous generalized functions with respect to a principal quasi- 
character 

are called homogeneous of degree a — 1. 

A quasi-character TTo,,e{x) defines a homogeneous with respect to itself 
generalized function TTQ,,e by the formula 

{7Ta,e,^) = J \x\^-^e{xMx)dpX, ipey. (8.2) 

The generalized function 7ra,e for 6 1 is entire on a; for 9 = 1 it is 
holomorphic on a everywhere except simple poles 

ak = 2/c7ri/lnp, k ^ Z 

with residue — 6(x). 

Note that the generalized function l^^lp""'^ defined in domain Re a > 
by the formula (8.2) is analytically continued from this domain to the 
domain Re a ^ 0, a ^ ak,k ^ Z hj the formula 

{\x\^-\ip) = [l-p-^-^ J \x\^-'[p{x) - ip{x/p)]dpx 
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= J \x\^-^[ip{x)-ip{0)]dpx, ipey (8.3) 



as 

la-l 



x\p =0, ak, k e Z. 



For a = ak,k G Z the quasi-character 7ro,i(a^) = \x\p^ corresponds the 
generahzed function S{x) of degree —1; conversely, every homogeneous gen- 
erahzed function / G ^ of degree —1 has the form f{x) = C6{x) where C 
is some constant. 

The Fourier transform of 7To,,9 is a homogeneous generahzed function 
7ra,o with respect to the quasi-character 

= l^ir^iO = -^i-aAO, (8.4) 



so 



7^a,e = ^p{^cx,e)7ri-a,e- (8-5) 
Here Tp{7ra,9) is gamma- function of field for quasi-character 7ra,e{x), 

^pi7Ta,o) = 7ra,e(l) = J \x\p'^ 9{x)xpix)dpX. (8.6) 
In particular, for ^ = 1, if we denote 

Vpia) = rp{\x\^-'), 

we get for the gamma-function Tp{a) of a principal quasi-character 
the representation 

\x\p~^Xpix)dpX = l_p-a ' aj^ak,keZ. (8.7) 

Fore^Q;^|e|p = l,p^2 

e{x) = sgn^,,x = = (-l)^(-) 

we denote 

fp(a) = Fpdxl^-^sgnp^^x). 
For Fp-function from (8.7) it follows the expression 

Fp(a) = Fp(a + 7ri/lnp) = — — — , a ^ ak - Tri/lnp, k e Z. (8.8) 

1 -r p 
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Note the particular formulae for gamma-function when d=-l (cf. §2), 

' rp(a) = i^,p=l(mod4), 
rp(sgnp^_ix|xr-i) = I fp(a) = ^±^,p = 3(mod4), 

The following equality is valid 

rp(7r«,,)rp(7ri_,,,-)=^(-l). (8.9) 

In particular, 

T^{Pl)T^{\-ol) = 1. (8.10) 

Convolution of homogeneous generalized function 7ra,9 and Tr^,^' exists 
and it is a homogeneous generalized function with respect to quasi-character 

7^a,9ix)7rf3^e'{x)\x\~^ = 7ra+f3,e9' (x) , 

and thus 

7ra,6l * 7^(3,9' = Bp{7Ta,9j 1^ (3,9')'T^a+(3,99' ■ (S-H) 

Here Bp(7ra,9,7rj3^0') is beta-function oi field for quasi-characters 7ro,,9 and 
D / \ / rp(7ra,0)rp(7r;3,0/) 

Bp{TTa,e,'^l3,9') = (7ra,e *7r^,0/j(lj = — r 

i p[T^a+f3,99') 

= rp{7ra,9)rpi7Tf3,9')rp{7T^,e")e"i-l), a + /? + 7 = 1, = 1. (8.12) 

In particular, for principal quasi-characters {9 = 9' = 1) formula (8.12) 
takes the form 

(/3)r^(7), a + /3 + 7 = l (8.13) 

where is denoted 

Bp{a,P)=Bp{\x\^-\\x\^^-^). 
Note another symmetric expression for the beta-function Bp(a,^) [13]: 

Bpia, (3) = ii- p-') [(1 - p-^r' + (1 - p-^r' + (1 - p-^r' - 1] - 1, 

a + /? + 7=l. (8.14) 
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By introducing the analogy of the Euler gamma- and beta-functions, 

7p(a) = [ \x\^-'^Xp{x)dpX = ^ — 

JZp 1 - p " 

bp{a,j3)= / \x\^~^\l - x\^~^dpX = jp{a) +jp{p) - 1, 

JZp 

we get the equahty (8.14) in the form 

= ^^p(«,/^) + ^^p(«,7) + ^^p(A7) + ^-^, a+/?+7 = 1- (8.15) 

Rank p{6) of a quasi-character 7TQ,,e (and a chracter 6) is called such 
integer number k ^ that 9{t) = 1 for |1 - t\p ^ p~^,t G and 6'(t) 1 
for |1 — t|p = p^~^ ,t e . It is clear that zero rank has only the principal 
quasi-character \x\p. 

For quasi-characters of the rank k^ 1 the following formulas are valid 

[4]: 

rp(7ra,^)=p"'ap,fc(^), (8.16) 
«P,7(^) = / e{t)xp{p-^t)dpt, 7^1, (8.17) 
ap,^{e) = 0,7 7^ fc, \ap,km = p'^'^ (8.18) 

ap,k{e)ap,k{e)=p-^e{-i), (8.19) 

/ e{p''x)xp{ix)dpx = /ap,fc(^)^(0^(l^lp - 1), (8.20) 

JSk 

rp(7r«,,)rp(<,)=/^(-l), (8.21) 

rp(7r«+i,e)=/rp(7r«,e). (8.22) 
Example. The rank of a quasi-character 

T^a,e{x) = \Ap^^^mp4X, \d\p = l/p,p ^ 2 (8.23) 
is equal 1. Therefore and owing to (8.16) and (8.19) 

rp{7Ta,9) = ±p"-^/ysgn^,,(-l). (8.24) 



28 



The operator (8.2) 

is called the Mellin transform of function cp E y with respect to a quasi- 
character 7ra,e{x). For 9 = 1 the function M'^'p [ip] = M^'lip] is called 
simply the Mellin transform of a function £ S^. Owing to (8.3) it can be 
represented in the following form 

M"[(^] = (1 -p-")-^ J \x\^-'Mx) - ipix/p)]dpx, aj^ak,keZ. 

According to (8.2) and (8.5) the equality takes place 

M-[^] = rp(7rc,,,)M*[v9] ipey. (8.25) 

For 9 = 1 formula (8.25) takes the form 

M"[(^] = rp{a)M^-''[ip]. (8.250 

The Mellin transform of -invariant (generalized) functions 
and its inversion. A function ip G ^{Qp) is called -invariant if (p{x) = 
ip{t\x\p), t G Zp, X G Qp or, in other words, 

ip{x) = {1-p-')-' I ^{t\Ap)dpt = S[ip]i\x\p). 

J Zp 

Every Z^ -invariant function (p G c5^(Qp ) is represented uniquely in the form 

7 

Thus the subspace of space ^{Qp) consisting of -invariant functions 
is isomorphic to the space of finite sequences {ip-y, 7 G N} where N is a, 
bounded subset of Z. 

A generalized function / G ^{Qp) is called Zp - invariant if 

{f,^) = {f{x),Smx\p)), (/PG^(Q^). 
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Any -invariant generalized function G ^(Q^ ) is represented uniquely 
in the form 

7 

SO a subspace of the space y'{Qp) consisting of -invariant generalized 
functions is isomorphic to the space sequences 1/7,7 £ Z}. 

If G c5^(Qp ) is -invariant function then its Mellin transform 



is entire functin of a, and the invertion formula is valid [16] 



hip 



^'^^ = 2«(1 - p-i) / , M-M|x|;"rfa. (8.26) 



The formula (8.26) is extended also on Z^-invariant generalized functions 
/ from (Qp ) satisfying the condition 

for some c. Its Mellin transform 

M"[/] = (/(x), |x|^-i) = (1 -p-i) E /7P"" 

is a holomorphic function of a in half-plane Re a < c, and the invertion 
formula (8.26) is valid for /, and also integral (8.26) does not depends on 
cr < c. 

Space Qp. We restrict ourself by the case of a principal quasi-character 
\x\p. The generalized function Ixl^""" is homogeneous of degree a — n, holo- 
morphic on a everywhere exept simple poles ak = 2kTTi /In p,k G Z with 

residue "^Y^p formula of the Fourier transform is valid [10] 

|^^" = r(-)(a)|^|;", aj^ak,keZ (8.27) 
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where is the gamma-function of vector space {T^'' = Fp), 

\x\^-''Xp{ooi)d;x = YZ^^ a^ak,keZ, (8.28) 

T^;'\a)T^;'\n-a) = l, (8.29) 

n-l 

r(,")(a) = — l^(n-l)(n/2-«) -Q p^^^ _ (g ^Q^ 

fc=l 

Beta-function 5^"^'' of space is defined similar to (8.11) (B^^^ = Bp) 
by the equality 

kir"" * i^ip""" = (8-31) 

4-)(a,/3) = r(-)(a)r(-)(/3)r(-)(7), 

a + + 7 = n, (a, /?) ^ («fe, ft"), i) e (8.32) 

Adelic formulae for gamma- and beta-functions. For gamma- 
functions the following adelic formula is valid [2e)] 

CO 

roo(«) reg l[Tp{a) = l, a ^0,1 (8.33) 

where Too is the gamma-function of field R, 

roo(ci^) = J \x\p~'^ ex-p(—27rix)dx 

= 2(27r)-°r(a) cos ^ = (8.34) 

where F is the Euler gamma-function and is the Riemann zeta-function, 

oo oo 

Cia) = 5]n-" = J](l -p-")-i, Rea > 1. 

n=l p=2 

Regularization of the divergent product in (8.33) is defined by means 
of the formula 



nr»Ac J](i-p-«)-i 
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oo 



= U ~ P'^'^y' ^ = 00,2,3,5,... (8.35) 

p=p^ 

which folows from Tate's formula. Here Pi is the prime number fohowing 
the prime P; AC /(a) is the analytic continuation on a of function f{a) 
which is holomorphic in some domain of the complex plane of the variable 
a. 

Passing on to the limit in (8.35) as P 00 in half-plane Rea < 0, 
denoting 

00 p 00 

p=2 ~^ p=2 p=Pi 

and using equality (8.34) we get adelic formula (8.33). For Rea ^ the 
regnr'p(cK) is defined from (8.33) as the analytic continuation on a. 
The similar adelic formula is valid also for beta- functions: 

00 

Boo(o^,/?)reg J]Bp(a,/?) = 1 (8.36) 

where 

Boo (a, (3) = Too (a)roo (/?)roo (7) , a + /3 + 7 = 1 (8-37) 

is beta-function of the field R, and according to (8.13) 

00 00 
Tegl[Bp{a,^)= H regj]rp(x). (8.38) 

p=2 x=a.,j3,'y p=2 

Note others symmetric expressions for Bqq- 

Booia, 13) = B{a, (3) + B{a, 7) + P(/?, 7) 

^ TjaW) T{a)T{l) r(/3)r(7) 
T{a + /3) T{a + 7) r(/3 + 7) 

= - n r(x)cos-= n (8-39) 

Adelic formula for the Riemann zeta-function, 

00 00 
C(c.) = ^n-" = J](l-p-")-^ 

n=l p=2 
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({a) satisfies relation 

7r-"/2r(a/2)C(a) = 7r-(i-")/'r((l - a)/2)C(l - a). (8.40) 

Denote 

(^(a) = J exp-^^' Ixl'^-^dx = 7r-"/2r(a/2), (8.41) 

Cpia) = ^— ^-3^ / \x\^-'dpx = (1 - p-")-\ (8.42) 

a(Q^) = Coo(o^)C(Q^)- (8.43) 
Then the following formulae are valid: 

a(«) = a(l-«),(cf. (8.40)), (8.44) 

(cf. (8.34)), 

oo 

Coo(o^)nCp(«^) = CA(Q^). (8.46) 

p=2 

Formula (8.45) is the adelic formula for the Riemann zeta- function. 

§9. Quadratic Extensions of the Field 

Let d ^ Qp be a p-dic mimbei . Quadratic extension of the field is 
the field Qp{Vd) = Qp + VdQp. Let us describe all non-isomorphic fields 
Qp{Vd). According to what has been said in §1 it is sufficient to consider 
integer rational numbers d, free of squares, i.e. d = ±pip2 • • - Pn-, d 1, 
where pi,p2, . . . ,Pn are different prime numbers. 

The following cases are possible: 



p^2,pi,... (^) =-1, Qp(^/^)-Qp(^^),e^Q;Me|p = l; 

p^2,p = p,, (^)=1, QpiVd) ^ Qpi^); 
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p = 2, c? = 3,5,7(mod8), Qslv^) ~ Q2(A/e), e = 3, 5, 7 resp. ; 
p = 2, d/2 = l,3,5,7(mod8), Q2(V^) ~ Q2(V2e), e = 1, 3, 5, 7 resp. . 

Note that QpiVd) is the closure of the field Q{Vd) = Q + VdQ on metric 

\/\zz\p where z = x + \/~dy, z = x — Vdy, zz = x'^ — dy^^ x^y E Q. 
The Haar mesure dpz of field QpiVd) we choose in the form 

dpZ = 1/Sdpxdpy, z = x -\- Vdy, x,y E Qp (9-1) 

where 6 = 6p^d = 2 if p = 2, d = 5(mod8) and ^ = 1 otherwise. The mesure 
dpZ is normalized by the condition (see [2d)]) 

/ dpz = l, Bl = [zeQp{Vd):\zz\p^l]. (9.2) 

The following equality is valid 

dpiaz) = \aa\pdpZ, a G (v^). (9.3) 

The quantity \aa\p is called the module of automorphism z ^ az oi field 
Qp(^/^). 

The maximal compact subring Zp{y/d) of field Qp(v^) is 

Zp{^fd) ^[ze QpiVd) : \zz\p ^ 1], Zp = Bl- 
its multiplicative subgroup is 

Z;{^) = [zE%{^):\zz\p = l]- 

its maximal ideal is 

Ip{\fd) = [ze QpiVd) : \zz\p < 1]. 

Residue classes Zp{\/d) / Ip{Vd) form the finite field of characteristic p called 
residue field; a number of its elements q = Qp^d (is equal to p or p^) is called 
the module of field Q_p{-\/~d). For special cases we have: for p = 2,d = 
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5(mod8), g = 4 the residue field is {0, 1, 1/2 ± V5/2}; for d ^ 5(mod8), 
q = 2 the residue field is {0, 1}; for p ^ 2, \d\p = 1, q = the residue field 
is {k + Vdj, /c, J = 0, 1, . . . ,p — 1}; for \d\p = 1/p, q = p the residue field is 
{0,1,... 

The Fourier transform (p{C)X = C + of ^ test function (p{z) = 
(p{x,y) in yiQpiVd)) ~ -^(Qp) we define by the following formula 



= ^J\4:d\p J (f{x,y)xp{2xi + 2dyr})dpxdpy. 
The invers Fourier transform is expressed by the equality 

Thus the mesure S^\Ad\pdpZ is self-dual with respect to the charater Xp(^ + 
z). 

The generalized function 

\ZZ\^-'^ = 

is defined by the equality (see §8) 

{\zz\^-\ip) = [ \zz\^-'[ifiz)-ifmdpz 

J \zz\p^l 

+ 1 \z-z\'^p''dpz^if{0)\^^^, ipey{QpiVd)) 

J\zz\p>l ^ ~ Q 

or, equivalently, 

i\zz\^-\ip) = J [\zz\;-\ifi{z) - rnKz, ip G y^iQpiVd)). 

Here we used formulas: 



/ 



1 — q~^ 

\zz\^~'^dpZ = — , ak,k e Z, (9.4) 

i — q 
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/ 



zz\p ^dpZ = 0, a ak, k e Z (9.5) 



where 

ak = 2k7ri/lnq, k e Z. (9.6) 

The generahzed function \zz\p~^ (degree of homogeneity 2a — 2) is 
holomorphic on a everywhere exept simple poles a = ak,k ^ Z (see (9.5)) 
with the residue -^^S^x,!/). 

The Fourier transform formula is valid [2d)] 

F[|^^|«-i]=rp,,(a)|CCir' o^y^o^k.keZ (9.7) 

where 

Tp^diot) = 6^f\M\~p J \zz\^-^^p{z + z)dpz = pp,dia)Tq{a) (9.8) 
is gamma-function of the field Qp(\/d); 

is reduced gamma-function of the field Qp(v^); and 

Pp,di^) = 1' if \d\p = l,p 2 or d = 5(mod8),p = 2, 
= K-i/2, ii\d\p = l/p,pj^2, 
= /«-i^ if c^ = 3(mod4),p = 2, 

= p3a-3/2^ -f 1^1^ _ ;^y2,_p = 2. (9.10) 

From (9.8)-(9.10) it follows the following relation for gamma- function of 
the field Qp(v^): 

rp,d(a)rp,d(l -«) = !. (9.11) 

Beta- function of the field QpiVd) is introduced similar to §8. The convo- 
lution \zz\p~^ * \zz\^~^ exists for all complex {a, P) from the tube domain 
Re > 0, Re > 0, Re(cK -\- f3) < 1, and it is expressed by the integral 

\z-z\--u\z4-'= ( iccir'i(^-c)(2-c)ir'<ipC 
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= B^^a{a,(5)\zz\^-^^-^ (9.12) 
where Bp^^ is beta-function of the field Qp(V^) [4]: 

5^,,(a,/3)= j iccir'i(i-o(i-c)ir%c 

rp,d(a)rp,,(/3) 



(9.13) 



From equalities (9.8)-(9.13) it follows such symmetric expessions for beta- 
function: 

Bp,d{a,f3) = — ^^==rp,d(a)rp,d(/?)rp,d(7) = Bq{a,/3) 

= r,(«)r,(/3)r,(7), c. + /3 + 7 = i, («,/?) ^ {ak,^j),{k,j) e z\ (9.i4) 

Note that equalities (9.12)-(9.14) are valid for all {a, P) such that {a,f3) 
{ak,aj), {k,j) e Z'^. 

We call upper (lower) half-plain of the field Qp{y/d) a set of points 
z = X -\- y/dy for which sgUp^^y = 1 (resp. sgn^^^y = — 1). 

Generalized functions (a;± v^O)^^ are defined as the Fourier transform 
of functions 

OdiO = ^(1 ± sgn^,,0, ± V^O)-i = e^ix). (9.15) 
The following equalities are valid [4] 

F[ei]ix) = ix±VdO)-' = ldix)^Cp/-^^, p^2 (9.16) 

I *^ I 

which are similar to the Sochozki formulae (for the field M). Here a gener- 
alized function — , is defined by the equality 



/sgn„ \ f sgn„ ^ ^ ^ ^ 

(^^,(^) = / ^ff-^{x)dpx, ^ e ^, (9.17) 

\ \X\p / J l^^lp 



±iy/psgnp,j(-l), if|oi|p = l/p. 
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For rq-function the following adelic formulae are valid [2d)] 



oo 



rL(«)regnr^(«)=^'/'""' ^>0' (9-18) 

p=2 

oo 

^M) reg n = |i^r/'"", < (9.18') 

where Too and are gamma- functions of fields R and C resp.; 

r(«) . 



— a) 

= 2(27r)-2«r2(cK) sinTTO; = iToo{a)t{a), 

where 

f(Q;) = / sgnxl^l""''' exp(— 27rza;)(ix = — 2i(27r)^"F(Q;) sin 



D = 



u = 2 a d e Qp^ and u = 1 a d ^ Qp"^; D is the discriminant of the field 
QiVd), 

d, iid= l(mod4) 
4d, if 2,3(mod4) ' 

(We took the Haar mesure of field C in the form |(izAz| = 2dxdy^ z = x+iy.) 

Regularization of the divergent infinite products in (9.18) is defined by 
the formula (cf. (8.35)) 

n r,^(«) AC n (1 - 9-°)-" = . (f_. AC n (1 - 9-°)-^ 

P = 00,2,3,5,... (9.19) 

which follows from general Tate's formula. Here (d is Dedekind's zeta- 
function of the field Q(v^), 

oo 
p=2 
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The Dedekind zeta-function satisfies relation (cf. (8.40)) 

(27r)i-"r(a)Cd(«) = (27r)"r(l - a)Cd(l - a)\D\'/^-^, 
which is equivalent to relation (cf. (8.46)) 

CA,(a)=CA,(l-a)|i^^/'-^ 

where it is denoted 

U(«) = (27r)i-"r(a)Cd(a). 
Passing on in (9.19) to the limit P — ^ oo, denoting 

oo P oo 

reg n = jToo n ^» AC n (1 - ^"")"^ 

p=2 ~^ p=2 P=Pi 



and using equalities 



r^(a) = i^V2-aC^ii«)^ ^^Q^ 
r.(a) = ^<o 



(9.20) 



(9.20') 



in the halp-plain Re a < we obtain the adelic formulae (9.18). For remain- 
ing a regnr~^(Q;) is defined from formulae (9.18) s analytic continuation 
on a. 

Similar adelic formulae are valid also for beta-functions 



oo 



Bl^{a,(5)mg\{Bl{a,(5) = ^, d>0, (9.21) 

p=2 

oo 

B^(a,/3)reg[]BJ(a,/3) = vTd|, d<0 (9.21') 

p=2 

where Boo and B^^ are beta-functions of fields R and C resp., 

BUo^, (3) = r^(«)r^(/?)r^(7), « + + 7 = i (9.22) 
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and in accordance with the formula (9.14) (cf. (8.36)) 

CXD OO 

p=2 x=a,(3.'j p=2 

Note another symmetric expressions for B^^ 

r(x) 2 



BUa,f3) = 27r [] r(l - x) ^ ^ H r2(x)sin7rx. (9.23) 

a;=Q:,/3,7 a;=a,/3,7 



§10. The operator D 

The generalized function 



a 



fa{x) = 



\X 



a — 1 



is holomorphic on a everywhere exept simples poles 1 + c^fe, OLk = 
2kTTi/lnp, k ^ Z with the residue and also /q,^ = 6 and 

fa* f(3 = fa+/3, ^ 1 + ttfc, ^ 1 + Q^j , « + 7^ 1 + Q^i, (/c, j,i) G Z^. 

Let a G M, 7^ — 1 and / G be such that the convolution f_a * / exists 
in y'. Operator D'^f = /_q, * / is called for o; > the operator (fractional) 
differentiation of order a, nd for o; < the operator (fractional) integration 
of order —a; for a = f = S * f = f is the identical operator [2a)]. 
Example. If o; = 1 G then 



{Dcp){x) = ^ f ^^^^—^d,y = / \i\,mXv{-ix)d,^. (10.1) 



p + 1 J 1^: — y| 



Thus the operator D is hyper-singular pseudo-differential operator (PDO) 
with the symbol \^\p. 

Let a = 1 be. Consider a locally-integrable in function 

fiix) = -^^^^ln\x\p. (10.2) 
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It possesses the following properties: 

J fa{x)(p{x)dpX ^ J fi{x)(p{x)dpX, a^l, (10.3) 
if (/? G satisfies the condition 

J (p{x)dpx = 0; (10.4) 

/i(0 = reg|e|;' + ^(5(0 (10.5) 
where a generalized function reg ^ is defined in §6; 

/l*/a = /l-a, a^l. (10.6) 

The operator of integration of order 1 corresponding to the value of 
= — 1 is equal 

D-^f = h^f, fey (10.7) 

if the convolution /i * / exists. Then 

D-^^f D-^f, a^liny (10.8) 

if / G ^ and 

gJ f{x)dpx = 0. (10.9) 

Summarizing we get the following properties of the operator D^,a G M: 

D^'D^f = D^'+'^f = D'^D'^f, fey (10.10) 

if (a,/?,a + /?) ^ (-1,-1,-1) ox a ^ 0,/? = -1 or a = -1,/? ^ 0; if / 
satisfies the codition (10.9) then the equalities (10.10) are valid for all real 
a and and f continuously depends on a in y. 
Example. 

D'^Xp{ax) = \a\'^Xp{cLx), a G M, aGQ^. (10.11) 

The equation 

D^^ = g, ge^ (10.12) 
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is solvable for all G M and also for > its general solution is expressed 
by the formula 

ilj = D-'^g + C (10.13) 

where C is arbitrary constant; for a ^ its solution is unique and it 
expressed by the formula (10.13) for C = 0. 

The fundamental solution S{x) of the operator 



D''S{x) = S{x), (10.14) 
has been calculated in [2a)]. It is equal to 

S{x) = { _i (10.15) 

I h^ln|x|p, a = l. 

Note that a fundamental solution does not exist in ^ for any PDO. 
For example, for the operator — it is the case. Indeed, if a solution 
(o of the equation 

{D^-D^)<^t,x) = 5{t,x) 
would exist in ^ so we would have the contradictory equation 

in which left-hand side vanishes in the open set \r]\p = of space Q^. 

The operator D" for a > in a clopen set G is defined on those 
Tp G ^{G) (see §4) for which \^\ptjj G This set of functions is called 
domain of definition of the operator in the clopen set G and it is denoted 
^{D^^, G); ^{D'^,Qp) = ^{D"^). The following equality is valid 

(L>"v^, if) = j ^{d^, g). (lo.ie) 

The operator in G is self-adjoint positive-definite, and also owing 
to (10.16) for all G ^(I)", G) we have 

(L>>,V^) = (L>"/V, i^"/'V^) = J l^lpimi'dp^ > 0, (10.17) 
so its spectrum is situated on semi- axis A > 0. 
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For the operator D", > we consider the eigen- value problem 

D"^^ = X^, iPe ^{D"^, G). (10.18) 

Theorem [l],[lb)]. The spctrum of the operator in Qp consists 
of countable number of eigen-values A at =p°'^,N G Z every of which is 
infinite multiplicity, and the point 0. There exists an ortho-normalized bases 
of eigen-functions in ^(Q^) of the operator D"" , and it have the following 
form: for p 2 

^njA^) = P'^^il^lp - P'"^)^(^0 - j)Xpie,/-'''^'), (10.19) 

£ = 2,3, . . . ,j = 1,2,... ,p-l,ei = eo + eip + .. . + ee-2P^~^, 
es = 0,l,...,p-l,eoj^0,s = 0,l,...,i-2,eoj^0,s = 0,l,...,i-2; 

V^iv,j,o(^) =P^^{p^~^\x\p)XpUp~^x), i = l, 

j = l,2,... ,p-l,et = 0; (10.19') 

for p = 2 

i>kj..ei^) = •5(1^12 - 2^+'-")X2(q2^-='"^' + 2'-''+'x), (10.20) 

^ = 2,3,... ,i = 0,1, e« = l+£l2+...+£(!_22'^-^£, = 0,1,5 = 1,2,... ,1-2; 
= 2^[fi(2"|a: - i2"-^b) - ^(1.: - 32"-% - 2^-")], 

e = l,j = 0,l,ei = 0. (10.20') 

Theorem [2b)], [2c)]. If G is a clopen compact then eigen-values 
\k, k = 0,1, . . . of the operator D", a > in G are of finite multplicity and 
eigen-functions ipkix) form an ortho-normalized bases in ^{G). 

Example. Eigen-values and ortho-normalized bases of eigen-functions 
of the operator in B^, 7 £ Z [2b)]. For p ^2: 

^0 = 1 ^"^'"^^ ^o(x) = multipl. 1; 

A,=p«(^-7)^ V^fe(x)=V^L7j,e,(^), ^=1,2,... ,fc,i = l,2,... ,p-l,e,, 

multipl. {p - l)p^~^, k = l,2,... . 
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For p = 2: 

2a(l-7) 

^0 ^ 2a+i _ 1 ' '^o(^) ^ ' multipl. 1; 
Ai = 2"(i-^), V^i(x) = V^i_^,o,o(^), multipl. 1; 

\k = 2^^^-^\ M^)=^k-j,j,eei^), ^=1,2,... ,/c-l,j = 0,l, 

multipl. 2^-\ /c = 2,3, ... . 

Example. Eigen- values and normalized bases of eigen-functions of the 
operator in 5^,7 G Z [2b)]. For p ^ 2: 

^0 = ^rnrr^"^'"^^' V^o(x) =p'^(p- muitipi. i; 

Ai = V^i(x) = 2-i/2[V^l_^,^. o(x) - V^!_^,,+i,o(^)], multipl. p - 2; 

A,=p«(^-7), V^fc(x)=V^t^,,.,^(x), J = 1,2,... ,2.-1, e,, 
multipl. (p - 1) V~^ = 2, 3, . . . . 

For p = 2: 

2«(2-7) 

^ 2a+i _ 1 ' '^0^^) = 2 ' , multipl. 1; 
Ai = 2"(2-7)^ ^^(3,) ^ , multipl. 1; 

A, = 2"('=+i-^), V^fe(^) = V^^+i-7j,e,(^), i = 0,l, eu^ 
multipl. 2^-\ /c = 2,3, ... . 

It should be pointed out that multiplicative characters of rank k of the 
group are eigen-functions of the operator in Sq correspondig to the 
eigen- value Afc [11a)]. On the other hand, a number of linearly idependent 
multiplicative characters of rank k of the group was calculated (see [16]) 
and it coincides to the multiplicity of the eigen- value A^ f the operator 
D",CK > in 5*0 [2b)]. From here it follows such result: 

There is exist an ortho-nomalized bases of eigen-functions of the oper- 
ator , a > in So consisting of all multiplicative characters of the group 

On the other hand, any multiplicative character of the group of rank 
k is expanded on eigen-functions ipak+ji^)ij = 1,2,... ,nk (by a suitable 
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choose of Ofc [2b)], that is it is expanded on additive characters of the field 

Indicate concrete values for Afc and n^. Assuming 7 = we get [2b)]: 
for p 7^ 2 

_ p"+p-2 

- pa+i I P ' ^0-1, 

Ai=K, ni=p-2; = K^ nfc = (j9-l)V"', /c = 2,3,...; 

for p = 2 

22a 



Part II 
Tables of integrals 

jll. Primary integrals, one variable 



/ dpX — 1. 
Jbo 

/ dpX = . 

/ dpX = (1 - l/p)p^. 



J f{x)dpx= ^ f{x)dpX. 



7= — OO " "^T 



/ fi\x\p)dpx={l-l/p) P'fip')- 

•^^7 k^-oo 
p oc 

J fi\x\p)dpx={l-l/p) J2 P'fip')- 



k= — oo 



J f{x)dpX=\a\pJ^^^f{ay^b)dpy, a ^ 0. 
/ f{x)dpx = / f{l/y)dpy. 

^ S'j ^ S — ^ 

/ f{x)dpX= / fi^/y)\y\p^dpy. 

/ f{x)dpX= / f{l/y)\y\~^dpy. 



f{\x\p)dpx = J f{l/\y\p)\y\p dpy 
/ f{x)dpX= / f{smy)dpy. 
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f{x)dpX= / f{aTcsmy)dpy. 

JGp 

f{x)dpX= / f{tgy)dpy. 

Tp J Gp 

f{x)dpX= / f{aTctgy)dpy. 

JGp 

f{x)dpX= / f{lny)dpy. 



f{x)dpX 



'Gr 



f{expy)dpy. 



1. 



1 — 

x\p~^dpX = —V°^^i RecK>0. 



B- 1 - P-" 



X — 



'So 



l|^~^d„x = ^ ..^^f " Rec^>0 [2a)]. 



\p U.p. 



p-2 + p I I _ 7 R 

p ^pu. — ^ ' I'^l^' ~ ^ , iie a > u. 



f ln\xLdr,x = (^7 ^p^lnp. 

V p-iJ 

[2a)]. 



'So 



In 1 30 1 1 J) dfjpOC — 



p 



In \x — a\ 



(1 - l/p) \n\a\p - 



p — 1 



I In |x|p(/pX = 7(1 — l/p)p'^ Inp. 

JS-y 

Rea > 0,Re/3 > 0,Re(a + /?) < 1 [4]. 
klp"^!?/ - x\'l~'^dpX = Bp{a,f3)\y\ 



a+/3-l 
P ' 



(11.13) 
(11.14) 
(11.15) 
(11.16) 
(11.17) 
(11.18) 
(11.19) 

(11.20) 

(11.21) 
(11.22) 
(11.23) 
(11.24) 



(11.25) 
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Rea> 0,Re/3 > 0,Re{a + /3) < 1. 
/ + a2|(,"-i)/2dpx = p^\a\^-\ < \a\p. 

l_pa + l-p-aP ' 

p"^ ^ |a|p 7^ 0, Rea > 0,p = 3(mod4) [3a)]. 

2 1 



(11.26) 
(11.27) 



(11.28) 



l-2/p+(l-l/p)(-^ 



1 -p-i 



a7 



p{a+l)/2_i 1-p-a/J' '^^ 1-p-" 

> |a|p 7^ 0,Rea > 0,p= l(mod4) [3a)]. (11.29) 



J |x2 + a2|("-i)/2(/prr, a^O 

^ 1 a |a|g, RecK < 0,p = 3(mod4). 

l-2/i?+ (l-l/p 
RecK < 0,p = l(mod4). 



(11.30) 



pia+l)/2_l l-p-oi 



\a 



a 



(11.31) 



\l+x'^\^-^dpx = l-3/p-2i-^^, Rea > 0,p = l(mod4). (11.32) 



/ dpX = p^ \ /co = 1,2,... ,p- 1 [2a)]. 
I dpX = {l-2/p)p\ /co = l,2,... ,p-l [2a)]. 



(11.33) 



(11.34) 



(ipx = (l-l/p)p^-\ A;n = 0,l,... ,p-l,neZ+ [2a)]. (11.35) 



cipx = (l-l/p)V, fcn = 0,1,... ,p- l,n G Z+ [2a)]. (11.36) 



'-y , fcQ . . .kj 



kj = 0,1,... 1,/co 7^ 0,n G Z+ [2a)]. 



(11.37) 
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/ . . dpX= (l-p ^ -p 

kj = 0.,1,... ,p- 1,/co 0,n G Z+ [2a)]. (11.38) 
/ dpX = 1 — k/p, 

1 ^ k ^ p,\xj — Xj\p = 1, i,j = 1,2, ... ,k,i ^ j [9a)]. (11.39) 
Let TT be a multiplicative character of the field of rank k ^ 1. 

I 7r{x)dpX = [4]. (11.40) 

Denote: Vq = So, Vj = [x e So : \1 - x\p ^ p~^],j G Z+. 

/ 7r{x)dpX = 0, 0^j<k-l. (11.41) 

= -p-^, j = k-l. (11.42) 

= il-l/p)p-^, j^k [11a)]. (11.43) 

/ |1 - x\^-^7T{x)dpX = rp(a)p-^", Rea > [11a)]. (11.44) 

[ sgnp^,xdpx={l-l/p){-py, e^qf,\e\p = l,pj^2 [4]. (11.45) 

sgiip^^xdpx = ^^{-py , e^Qf,\e\p = l,p^2 [4]. (11.46) 

/ sgnp^^xdpx = ^^, e^Qf,\e\p = l,pj^2 [4]. (11.47) 

J Bo P+ i- 

= 1/3, e = 5(mod8),j9 = 2, (11.48) 

= 0, |eL = l/p,p^ 2 or l,5(mod8),p = 2 [4]. (11.49) 



(11.50) 



/ et{x)dpx=^, e^Qf,\e\p = l,pj^2. 

J Bo p-\- i- 

= 2/3, e = 5(mod8),j) = 2. (11.51) 
= 1/2, |eL = l/p,i?7^2ore^l,5(mod8),p = 2 [4]. (11.52) 
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/ e-{x)dpx=^, e^Qf ,|ek = l,p^2. (11.53) 

J Bo P+ i- 

= 1/3, e = 5(mod8),j9 = 2. (11.54) 

= 1/2, |e|p = l/p,p^ 2 or l,5(mod8),p = 2 [4]. (11.55) 

/ dpx=—^, p^2. (11.56) 

= 1/6, p = 2 (11.57) 



where (5o)^ is the set of squares of integers p-adic numbers Z. 



p- 



/ dpx=^—. (11.58) 



/ fi\x\,)d,x = (1 - 1/p) J2p-'yip-'^). (11.59) 

/ dpx=—^. (11.60) 



oo 



/ /(kk)dpx = (1 - 1/p) ^p-'^-'f{p-'^-'). (11.61) 

'7(x)-l=2fc^0 



/ Xp{x)\x\-^^^dpX = l, p^2 [lb)]. (11.62) 

= 2-=^/2, p = 2 [16)]. (11.63) 

Let a function / has the property 

/ f{x + k)dpX = f{k), kelp 

J Bo 

where Ip is the set of indexes, 

Ip=[keQp:k= p-^ko + fci + . . . + fc^-ip^-^), 
A;^- =0,1,... ,p- 1, /Co 7^0, J = 0,1,... ,7-1,7 e ^+]- 
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/ [14]. 



/ Xp{x)\x\p dpX, n e Z+ 

= l-l/p, j9 = 3(mod4) [lb)] 

= (l-l/p)(2n-l), p=l(mod4) [16)] 

/ Xl{x)\x\2^d2X = 0, p-2,n^2 [16)]. 

2\-B-2n 

Denote \{x,m)\p = max(|a;|p, |m|p). 



J \iy,m)\^-'\ix-y,mX-'dpy = Bp{a,m^,rn)\^^^-' 

-rp(a)|pm|^|(rr,m)|^-i-rp(/?)|pm|g|(rr,m)|^-\ 
m 7^ 0, Re(a + /3) < 1 [9a)]. 

Denote: 

2xy x'^ -\-y^ 



jet{x,y) = Ap(t)^|2/t|pXp(^ - ^ ), teGp,x,ye 



J Xt{x,y')Xr{y' ,x)dpy' = Xt+r{x,y), 
t,Te Gp,x,ye Qp [7]. 
/ jet{x,y)dpy = n{\x\p), teGp,xeQp [7]. 

^(x,?/)-^^(x-?/),t^O y{Ql) [7]. 
^ (x - ^) jr, (^)dp^ = jet+r ix), t,TeQ^,xeQp [7] . 

jet{x)^6{x),t^o y [7]. 
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I f{\x\p)\l - x\-^d^x = (1 - fiP^) min(l,p^). (11.74) 



§12. The Fourier integrals 

The Fourier integral is called an integral of the form 



J f{x)Xp{^x)dpX, ^ e 
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/ Xpmdpx^pm{p^\^\p) [2a)]. (12.1) 
Xp{^x)dpx = (1 - l/p)pm{p^\^\p) -p^-'6mp-p'-^) [2a)]. (12.2) 
J Xp{^x)dpx = 0, ^/O [2a)]. (12.3) 



f{\x\p)Xp{^x)dpX 



oo 



= (1 - 1/p) ^ p-'=/(p-^), ^ p-^. (12.4) 



oo 



= (1 - im\-' Ef"''/(f"''i«ip ') - i«ip"V(pi«i;'; 



fc=0 



|^k>p-^ [2a)]. (12.5) 

= j f{\Ap)Xp{ix)dpX, \i\p>p-\ (12.6) 

y f{\x\p)Xp{ix)dpX, 7^ 

oo 

= (1 - Ef"'"/(P"'"l«lp"') - l«lp"V(p|«l;') [2a)]. (12.7) 

fc=o 

j \x\p-\p{x)dpX=^^y^^ = Vp{a), Rea>0 [4]. (12.8) 
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J\x\^-\p{^x)dpX = Tp{am;'', ^^0,Rea>0 [4]. (12.9) 
J In \x\pXpix)dpX = -(1 - l/p)~^ Inp [2a)]. (12.10) 
Jln\x\pXp{^x)dpX=-{l-l/p)-Hnp\^\-\ ^ 7^ [2a)]. (12.11) 



00 

= (1 - I/P) E i = 0- (12-12) 

\C\ ^ 2 —2k 



2+7+1 ^ l^lp+^d^lp)^ I^Ip-oo [2a)]. (12.14) 



= J eM-t\^\p)Xpi^x)dp^, t > 0, a > 

00 

= (1 - l/p)\x\-'Y.p-^ expi-t\px\;^) 
7=0 

x(exp[t|px|-"(l -p-"^-")] - l)> 0. (12.15) 

= EHn^rf(«» + i)l«lp"'"""' [i«)l- (12-16) 

n=l 

/.?W<^.-1. *>0. (12.17) 

/ii"(a;) ^ ^(a;), t ^ in ^ [la)]. (12.18) 

/^?*< = /^tV' ^'^>0 [!«)]• (12.19) 

/>CXD 

/ /^i"(a;)rft = r-i(a)|a;|;;^-^ =/«(a;), a^au.keZ. (12.20) 
Jo 

(a;)|t=o = rp(« + l)kir"S « > 0. (12.21) 
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\x 



% = -r;\-a) Rexp(x0]|^l;"-'^p^ (12.22) 



and also 

I Xp{a^tg^-xOdp^, p^2 [lb)] 

= l/2n{\px\p), \a\p ^ 1. (12.23) 

= l/26{\x\p - p')5{xo - (a2)o), \a\p = p. (12.24) 
= l/26{\x\p - \a\l)S{xo - {a'^)o)S{xi - {a'^)i)(paix), 

\a\p > / (12.25) 

where (pa{x) is a continuous function. 



~ cl\p Xpi^)dpX, Re a > 0, Re /? > 0, Re(Q! + /3) < 1 



= Bp{a, f3)\a\';+^-^ + Tp{a + f3-l), \a\p ^ 1. (12.26) 
= Tp{a)\a\^-^ + Tp{^)\a\^-\p{a), \a\p > p. (12.27) 

=p^,7 > 2,Rea > 0. (12.28) 
Let n e Z+ be not divisible by p and P be a polynom of degree n, 

P(x) = aix + CK2a:^ + . . . + anx'^, \oik\p ^ 1, = 1, 2, . . . ,n — 1, lo^^lp = 1- 

/ Xp[P{x)]dpX = {l-l/p)p\ 7<0,nGZ+ [2a)]. (12.29) 

= 0, 7 = 2,3,... ,n G Z+ 7= l,n = 2,3,... [2a)]. (12.30) 
= -1, 7=l,n=l [2a)]. (12.31) 

/ Xp[P{x)]dpX = p\ 7^0,nGZ+. (12.32) 

= 1, 7 = 2,3, . .. ,n e Z+ 7 = l,n = 2,3, ... . (12.33) 
= 0, 7GZ+,n = l. (12.34) 
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J Xp[Pix)]dpX = 1, n = 2,3,.... (12.35) 
= 0, n = 1. (12.36) 

Let (complex) numbers r]i,r]2, ■ ■ ■ , Vp-i be such that 

p-i 

k=l 

and numbers tj'i, r]2, ■ ■ ■ , Vp-i mutual to {?7fc}, /c = 1, 2, . . . ,p — 1, 

p—i p— 1 

= '^Vk exp{27rikj/p) , ^ = 0. 
fe=i j=i 

f ixoXpmdpx = p^-^^jmp - p'-i m- (12.37) 



/ kip ''"Xp(^^)c^p^? Rea>0 

= Y~^^^'' l^k^p-"- (12.38) 

= rp(a)|e|;", |^|p>J)-^ [la)]. (12.39) 

= rp(a), ^ = 1,7^1 [2e)]. (12.40) 

/ (5(xo - k)xp{^x)dpX 
Jso 

= p-'Xp{HMH\p), k = l,2,... ,p-l. (12.41) 
J 6{xo- k)xp{ix)dpX 

= \^\p\-^-^Xp{Ko/p)). ^7^0, A^ = l,2,... ,p-l. (12.42) 

/ Xp[{k - i)x\dpx = p6{\^\p - l)S{^o -k), = 1, 2, . . . ,p - 1. (12.43) 

[ 5{xi - k)xp{^x)dpx = i/p{i - i/p)m\p) - p~''m\p - p) 

J So 
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k = 0,l,...,p-l. (12.44) 

/ S{xi - k)xp{^x)dpX 



^7^0,p = 0,l,... (12.45) 

/ (5(X2 - k)xv{ix)dpx = l/p(l - 1/pM\^\p) - p-^d^p - p) 

J So 

1-Xp(0 i-Xp(p6 ^'^'^ 

/c = 0,l,... ,p-l. (12.46) 

y 6{x2- k)xp{ix)dpX 

|.|-i Xp(p-^l^lpO - Xp(p-^l^lpO Xyikp-^io) - Xpjjk + l)p-^6) 

'^'^ i-Xp(p-^I^U) i-Xp(p-2|^U) 

^^0,/c = 0,l,... ,p-l. (12.47) 

|x,77T.|p Xp(^'^)'^P'^ 

^rp(Q^)(|^|;"-bm|^)0(|m<e|p), m^O,Rea<0 [9a)]. (12.48) 

J" \x^l\p Xp(^^x^dpX 

= Tpil - ami;-' - P'^-'Mm ^ JpiO, Rea > 0. (12.49) 

^p'(0 = (l-l/p)(l-^)^^(I^W, « = 1- (12.50) 

J J^iOJ^ix - Odp^ = * = G C. (12.51) 

In \x, l\p = J (1- Rexp{x^))da{^) 
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oo 



= lnpY,P^^iP^\^\p), daiO^O- (12.52) 

7=0 



/ Xl{x)\x\p^Xpi^x)dpX, neZ+ 

J B-l\B-2n 

= (l-l/j))(2n-l), ^ = 7(0^1,P=l(mod4) [16)]. (12.53) 
= (l-l/p)(2n-7(0)-l/P, 

2 ^ ^ 2n,p = l(mod4) [16)]. (12.54) 

= l-l/j9, <e = 7(0 ^ l,J> = 3(mod4) [16)]. (12.55) 
= l/2(-l)^(^)(l + l/p)- 1/2(1 -1/p), 

2 ^ 7(0 ^ 2n,p = 3(mod4) [16)]. (12.56) 

= 1 - ^ = 7(0 ^ hp = 3(mod4) [16)]. (12.57) 

= l/2(-l)^(^)(H-l/p)- 1/2(1 -1/p), 

7(0 ^ 2,p = 3(mod4) [16)]. (12.58) 

/ A^WW-x.«.)*., n = 2,3,... 

•^-B_2\-B-2n 

= 0, 7(0^3 [16)]. (12.59) 
= l/4(-l)a+i, 7(0^4 [16)]. (12.60) 

/ Xl{x)\x\^\2i^x)d2X = 0, ^ = 017(0^3 [16)]. (12.61) 
= l/2(-l)^^+\ 7(0^4 [16)]. (12.62) 



= fp(a)sgn^,^^|^|;", |ci|p = l,Rea>0 [4]. (12.63) 

= ±p"-'/ysgn^,^(-l)sgnp,rf^|^|;«, = 1/p, a e C [4](12.64) 
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Let e = zizbe. 

/ Xp{x)xp{e^x)dpX [lb)], [15] 

= p^l-l/p), \^\p^p-\j = 2k. (12.65) 

= 0, IClp ^j9"^,7 = 2fc + l. (12.66) 

= -p^-\ \^\p=p-^^\l = 2k. (12.67) 

= ('^^^7-1/2 
P 

■Co- 

P 

= 0, (12.70) 



(^)^^~^^^' '"^'^ ^ ^"^^^7 = + 1,P = l(mod4). (12.68) 
= -£(— l-Clp ^ 7 = 2/c + l,p = 3(mod4). (12.69) 



/ X2ix)x2ieCx)d2X [106)], [15] 



'1 



= 2^-=^/2, |e|2 ^2-^7 = 2A;. 




(12.71) 


= 0, |^|2 ^2-^,7 = 2/c + l. 




(12.72) 


= -2^-3/2, |^|2 = 2-^+1,7 = 2/c. 




(12.73) 


= 0, |^|2 = 2-^+1,7 = 2/c + l. 




(12.74) 


= -£(-1)^^2^-3/2, 1^1^ = 2-^+2^^^ 


= 2k. 


(12.75) 


= 0, |^|2 = 2-^+2,7 = 2^ + 1. 




(12.76) 


= 0, |^|2^ 2-^+3,7 = 2/c. 




(12.77) 


= i^' (-1)^^2^-3(1 + i)(l + ie)[l - e{- 






|^|2 = 2-^+3,7 = 2/c + l. 




(12.78) 


= 0, |^|2^ 2-^+4,7 = 2^ + 1. 




(12.79) 



Xpix)\x\^-'Xp{eex)dpX = 0, ^ p,p ^ 2. (12.80) 

X I p ^ 1 

|^|^^l,j)=l(mod4). (12.81) 

1 _ „2a|t|-2a 



I4L < l,p = 3(mod4). (12.82) 
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[ Xpix)\x\;^/\pi-ex)dpX = Qi\^\p), p^2 [15]. (12.83) 
[ X2ix)\x\;^/\p{-ex)d2X = V2nmp), p = 2 [15]. (12.84) 

§13. The Gaussian integrals 

The Gaussian integral is called an integral of the form 

J f{x)Xp{(^x^ + bx)dpX, a eQp ,b e Qp. 

Various formulae for the Gaussian integrals are contained in [2a)],[6]-[8], 
[10b)]. The most full lists of them are collected in [la)], [lb)]. Here 

e = £o + £iP + £2P^ + ... . 
/ XpHx-yf]dpy 

= P^Xpiex^)[{l - l/p)nip^\x\p) - l/p6i\x\p-p'-^)], 

7^0,p7^2. (13.1) 

= 6i\x\p-p^), 7^1,P7^2. (13.2) 
= 2^-\2{ex^) [0(2^-1 \x\2) - 6{\x\2 - 2^'^)] , 7 < 0,p = 2. (13.3) 

= [V2A2(e) - lM\x\2) + Si\x\2 - 2), 7 = l,p = 2. (13.4) 

= V2X2{e)5{\x\2-2^), 7^2,p = 2. (13.5) 

/ Xp[<^Pix - yf]dpy 

= p^Xpi^px^) [(1 - '^/pWp^'^IxIp) 

-l/p6{\x\p-p^-^)], 7^0,^)7^2. (13.6) 

= iVP^pi^P) - Xpi^PX^)]^i\px\p), 7 = l,p 7^ 2. (13.7) 

= VpM^pM^\p-P^)^ 7^2,p^2. (13.8) 

= 2^-ix2(2ex2)[0(2^-2|x|2) - 6{\x\2 - 2^"^)], 7 ^ 0,p = 2. (13.9) 

= -n{\x\2) + 5{\x\2 - 2) + X2{2e)5{\x\2 - 4), 7 = l,p = 2. (13.10) 

= 2A2(2e)n(|2a:|2), j = 2,p = 2. (13.11) 

= 2A2(2e)^(|a;|2 - 2^), 7 > 3,p = 2. (13.12) 
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= Xp{a)\2a\-'/\p{-e/4a)6{\^/2a\p-p^), 



\a\p = p ^. 



(13.13) 



(13.14) 



/ Xp{ax^ + ^x)dpx = pm{p^\^\p), \a\y^ ^ 1. (13.15) 

= Xpia)\2a\;'^\p{-e/4a)ni{p-^\^/2a\p), \4a\pP^^ > 1. (13.16) 
= 2^X2ia)x2{-eMsm2 - 2^-^), \a\22'^ = 2,p = 2. (13.17) 
= 2^-1/2 A2(a)x2(-^V4a)^^(2^|^|2), |a|22'^ = 4,p = 2. (13.18) 



= Xpia)\2a\;'^\p{-eM. 

= Xp(-^V2), a = l/2,p^2. 

= exp(i7r/4)xp(-^V2), a = l/2,p 



= 2. 



(13.19) 
(13.20) 
(13.21) 



J exp i-\y\l)XpHx - yf]dpy, a ^ 0, 7 = 7(a) 

= \a\;'^^S{\a\;\l/p), \x\py/\^p ^ 1,7 = '^Kp ^ 2. (13.22) 
= l/VPK'^^S{l/p\a\:^\ 1/p) + [Ap(a) - l/^/p]|a|;l/2 exp(-|pa|;i), 
kIp V^^o^ ^ 1, 7 = 2A; + l,p 7^ 2. (13.23) 

— Ap(a)|a|~"^/^ exp(— |x|p) + |ax|~"^Xp(ax^)[S'(|aa;|~^, 1/p) 

- exp(-|pax|~^)], \x\p^J\a\p^ y/p,p^2. (13.24) 

= [V2A2(a) - l]|a|-'/' exp(-|4a|2 ^) + [al^-'/'^dal^ \ 1/2), 

\x\2\A^2 ^ 1,7 = 2A;,p = 2. (13.25) 



60 



= |a|^^/^exp(-|4a|2 ^) + [V2X2{a) - l]\a\~^^^S{\a\^\ 1/2), 

\x\2^A^ = 2,7 = 2A;,p = 2. (13.26) 
= {2\a\2)-'^'S{{2\a\2)-\ 1/2) - {2\a\2)-'/' exp(-|2a|2-^) 
+ A2(a)|2a|2-'/'exp(-|8a|2-'), 

k|2\/2|a|2 ^ 1,7 = 2k + l,p = 2. (13.27) 

= |2a|2-'/'^(|2a|2-\ 1/2) + A2(a)|2a|2-'/' exp(-|8a|2-^), 

\x\2V\(A2 = V2, 7 = 2A; + l,p = 2. (13.28) 

= A2(a)(2|a|2)-^/'5(|2a|2\l/2), 

k|2 v^oS = 2\/2, 7 = 2A; + 1,1? = 2. (13.29) 
= A2(a)|2a|^^/%xp(-|a:|^) + \2ax\2^X2{ax'^)[Si\2ax\^^ ,1/2) 

- 2exp(-|4ax|2 ^)], |x|2VT«¥ > 2,P = 2. (13.30) 

~ ^— ^|2ax|~^Xp(^i2:^) + 0{\x\~^), \x\p oo. (13.31) 

p+p + 1 ^ 

- |a|;i/25(|a|;\p-i) + 0[|a|;^/2 exp(-|/a|;i)], 

|a|p ^ 0,7 = 2A;. (13.32) 
~(p|aW-V25((p|a|^)-i,p-i) + 0[|a|;i/2exp(-|pa|;i)], 

^ 0,7 = 2fc + 1. (13.33) 

Here 

This function satisfies the relation 

S{aq^,q) = l/qS{a,q) + (1 - l/g)e-". (13.34) 

§14. Two variables 



cf^x = 1. (14.1) 



/ dlx = (14.2) 
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/ (i2x = (l-p-V- (14.3) 
/ f{\x\,)dlx = {l-p-^) p'^fip^). (14.4) 



fe= — oo 

oo 



f{\x\^)dlx = {1-p-') P''f(p')- (14-5) 



fe= — oo 

-2 



/ \x\^-^dlx = I — ^K^, Rea > 0. (14.6) 

7 

/ |x|«-2d2^ = (l-p-V^. (14.7) 

Js?. 



/ |(x,x)|^ ixp((^,2;))d^x, Rett >0, |(^,Olp >P ^ 

= r^(«)l(^,Oir' J>=l(mod4) [3a)]. (14.8) 

= r^(a)fp(a)|(^,Oir' P = 3(mod4) [3a)]. (14.9) 

J \{x,x)\;-'xp{{^,x))dlx, Reo 0,(^,^7^0 

= r^(«)l(^,Oir' J>=l(mod4) [3a)]. (14.10) 

= rp(a)fp(a)|(^,Oir' P = 3(mod4) [3a)]. (14.11) 

f{{x,x))xp{{^,x))dlx, i^,^) 7^ 

oo 
7=0 

E 3(mod4)[la)]. (14.12) 

oo ^ 

[(1 - m-'Y.{^+^)p-y(p-''mi)\^') 

7=0 ^ 

2(i-i/p)/(p|{«,«)|;i) + /(/|K,fl|;')' 

El(mod4) [la)]. (14.13) 
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_ 1 - p~'^ ^ - p~'^^ 

oo 

-El 

7 



p = 3(mod4) [la)], [3a)]. (14.14) 

p-3\ 1 

7=0 



(1 I/P)' E + ^ _ 1 ) 1 + ^7^2 I (^^ ^) 1^ 



-2(1 -1/p). ^ ^ 



P 



oo 



^0^^ ^ 1 + p^^' I 0\p p + p^^' I \p 



1 



p2+p7m2|(^,^)|p 



), p = l(mod4) [3a)]. (14.15) 



^2^^"1(^,6l;M(^,6lp-oo, ^3(mod4) [la)], [3a)]. (14.16) 



4 

P -4 1 



~-(^^^ 'K^'^)!^'^^' P=l(mod4) [3a)]. (14.17) 

J \x\;-'\l - xf^-'\x - y\;\y\^'-'\l - yfj-'dpxd^y 

= rp(7) J \t\l-''-^-'''-^'Bp{t;a,(3)Bp{-t;a\(3')dpt 

= Bpia, P)Bp{a', (3') + Bpia, P)Bpi^, a' +P' -1) + Bpia' , P')Bp{^, a+P-1) 
+Bp{a + /3-l,a'-\-/3' -l)Bp{^,3-a-/3-a' -/3')-Bp{a,a')Bp{'y,a + a') 

-Bpi(3,(3')Bpij,(3 + (3') + rpij)p-^[[rpia + (3- l)p'-^-^ + Bpia,(3)] 
X [Tpia' + (3'- l)p'-^'-^' + Bpia',P')] - [rpia)p-" + rpi(3)p-f'] 
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Rea > 0,Re/3 > 0,Re7 > 0,Rea' > 0,Re/3' > 0. (14.18) 



Here 



Bp{t;a,/3)= J \x\^ - ^Xp{x)dpX, Bp{l;a, /3) = Bp{a, /3). 

Below in formulas (14.19)-(14.29) we use the notations for the field 
^_p{Vd), d ^ Qp^ (see §9). In particular, (see (9.2) and (9.6)) 

B^ = [z e QpiVd) : \zz\p < q^]] au = 2/c7ri/lng, k e Z. 



/ dpz = 1. (14.19) 

\zz\^-^dpz = Rea>0. (14.20) 

J \zz\^-^dpz= Rea>0. (14.21) 

f f{zz)dpZ=-^[ f{x)ej{x)dpx, p^2 [4] (14.22) 

J El ^p,d J Bo 

where quantity Cp^d is defined in (9.16) and (9.17). 

5^J\Ad\p j \zz\p~^Xp{zC + K)dpZ, Rea>0 

= rp,d(c.)ICCir' Ct^O [2a)]. (14.23) 

= Vp,d{a), C = l- (14.24) 

5j\Ad\p I \zz\'^~^Xp{z + z)dpZ = Tp^dio^), 
^ Jb^ 

Rea>0,7>l [2a)]. (14.25) 

/ ICCir'l('^-0(^-C)ir'^pC, Rec.>0,Re/3>0,Re(« + /5)<l 

= Bq{a,(3)\zz\^+^-\ z^Q [2a)]. (14.26) 

= Bq{a,(3), z = l. (14.27) 



= ^^, |rf|p = l,rf^Qf [4]. (14.28 
= ±7psgn^,d(-l)^^^, = [4]. (14.29 



115. n- Variables 



/ djx = l. (15.1 

[ d^x = l-p-''. (15.2 

[ djx = p"^. (15.3 

/ fc = (l-p-"K^. (15.4 

/ f{\x\p)d;x = {i-p-^) J2 p'^'fip')- (15-5 



7 K = — 00 



y /(Ixk)d-x = (1 - ^ p^'fip'). (15.6 

fc = — OO 

/ = i^^^p"^, RecK>0. (15.7 

[ = (1 - (15.8 

7 



1 - V~'^ 

\x\'^-''d^x = -- — ^^p^",Rea < 0. (15.9 

X 



1 -p-" 

/ Xp((^,^)K 

7 



= (l-p-nP'^'^iP^m-P^'-'^'^mip-p'-^) [12], [2a)]. (15.10) 

/ Xp{{^,^))d;x = p^^nip^\^\j,) [12], [2a)]. (15.11) 

= Vpia - n/2 + l)rp(a)|(e,Oir' ^ = 0(mod4), 

p 7^ 2 orn = 2(mod4),j) = l(mod4) [36)]. (15.12) 

= (-l)^«^'^))r,(a - n/2 + l)f,(a)|(^,Or , 

n = 2(mod4),p = 3(mod4) [36)]. (15.13) 

J \{x,xX-^/\M,oo))d;, (^,O^0,Rea>0 
= rp(c.-n/2 + l)rp(a)|(^,0ir' 

n = 0(mod4),p^ 2 n = 2(mod4),p= l(mod4) [36)]. (15.14) 

= (-i)7((^,0)r^(^ _ n/2 + i)f,(a)|(^,oir' 

n = 2(mod4),p = 3(mod4) [36)]. (15.15) 

/ |x|J-"Xp(^i)c^> = r^''H«), Rea> 0,7^1. (15.16) 

J \x\'^~''xp{xi)d'^x = r(,")(a), Rea > 0. (15.17) 

/ kir"Xp((^,^))c?p^ = r^"H«)l^ir' Re«> 0,^7^0. (15.18) 

^ |x,77T,|p Xp((^, x))c?pX 

= r("H«)(l^ir-|^^l?)^(Klp)' [l«^)]J9a)]. (15.19) 

^ |x, l|p Xpii^i '^))dp'^ 

= r(-)(n - am\^-^ - p^-^)nmp) ^ j;(0, Rec. > n. (15.20) 

^;(0 = (l-P"")(l-ln|^|p/lnp)O(|^k), a = n. (15.21) 
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/ Jpi^)J^ioo - ^)d;^ = J? * = a,(3eC. (15.22) 

Rea > 0,Re/3 > 0,Re(a + /3) < n, \e\p = 1. (15.23) 

Rea >0,Re (3 > 0,Re{a + j3) <n [la)], [9a)]. (15.24) 
I \y, m|^- \x - y, mf^'^d^y = B^^^ [a, (5) |x, m|-+^- 

"4") (a) |pm|^ m|^-" - T^,^) (a) |pm|g |x, m|^-", 

Re(a + /3) <n,m7^0 [9a)]. (15.25) 

XpjL i^iiTu ^i^) |"!p^irfp^2 . . . d,x„-, 

k — 



^pjTn) T-T \/\tk\p f ^XpXn _ + . 



n = 2,3,... ,p^2,\tk\p^ 1/p, k = 0,l,... ,n-l,Tn = Y,tk [9a)]. 

fe=0 

(15.26) 

Let Xi G , |p = l,i = l,2,...,/c < \xi xj \p = 1, j = 
1, 2, . . . ,i j. Denote 

D'^=[xeQ;:\x-Xi\p = l,i = l,2,... , k]. 
[ d^x = l-kp-'', k^p^,p^2 [96)]. (15.27) 



Let = [{xi,X2,... ,Xk) e Qp"^ : \xi\p = 1, - Xj\p = = 
1,2,... ,/c,i7^j]. 

/ d^Xic/^X2...c/^Xfe = r[(l-^p-")=C^,„ 

•^*^fe £=1 
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k^p^,p^2 [%)]. 

Let xo e Qp,\xo\p = 1 G^(xo) = [{xu . . . ,Xk) e : \xi 
0, 1, . . . ,k, \xi — Xj\p — j — 0,1, .. . ,k,i ^ j\, 

f ^TT- ^TT- ~^ n 

j (lpX\(lpX2 • • • dpXfi; - ^k,p^ 

k + l^p^,p^2 [96)]. (15.29) 

The Missarov-Lerner integral [12], [17]. Let G be a connected finite 
graph, V = V{G) and L = L{G) are sets of its vertices and edges respec- 
tively. To every line I G L we associate a complex number a/, and denote 
the set a = {ai,l G L}. To every vertex v eV we associate n-dimensional 
p-adic vector x^ = {xvi,Xv2, • • • ,Xyn) ^ Qp- On the set of vertices V we 
introduce a hierarchy A by the following way. The hierarchy is a family of 
subsets of the set V such that: 1)V G A, 2)v G A for all v G F and 3)for 
any pairs V G A, V" G A either V n V = V or V G V" or V" G V . For 
any V ^ A,V' we denote by 9{y') a minimal subset in A containing 
V but not coinciding with it. Let K{V') = [V" G A : e{V") = V']. We 
consider only such hierarchies A for which 

1 < \K{V')\ ^ p'',V' G A', where A' = [V' e A : \V'\ > 1]. 

Denote 

aiV')= Yl ^iV') = aiV')+ni\r\-l) 

leL{G(V')) 

where L{G{V')) is the set of edges {/} of the graph G beginning and end 
/(/) of which lay inV cV = V{G). By the condition /3{V') > 0,V' e A' 
the following equality is valid 

Foia) = / ^^^^ Yl \xi^i^ H 
•^^p leL vev 

--'En^,,w^(^^;^ (-30) 

where the summing is taken over all hierarchies A. (Simbol |y| denotes a 
number of elements of the set V.) Evaluation of various Feynman integrals 
is reduced to the integral Foia) [12]. 



(15.28) 
= l,i = 
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§16. Integrals and convolutions of generalized functions 

Integral (see §6) of a generalized function / G ^^{0) on a clopen set 
D e^eQpis called the limit (if it exists!) 

g( f{x)d;x= ]im{feD,nk). 

Jd 

Integrals of generalized functions are contained also in §§12-15 and in §17. 



G d^x = l. (16.1 

of d^x = p^". (16.2 

of d;^x= (l-p-")p^". (16.3 

oj f{x)d^x = J f{x)d^x, f e^. (16.4 

of f{x)d;x = lim / fix)d;x, f e ^o^. (16.5 

f 

g[ f(x)d^x= [ f{x)d^x, fe^(D). (16.6 
Jd Jd 

g[ f{x)d'lx = lim / f{x)dlx, / G (16.7 
J ^^^Jb^ 

cj fix)d;x - (/, Oiv), fe y, spt e Bl. (16.8 

of fix)d;x = if,eD)^ /e^(^) (16.9 

Jd 



'D 

where D is an open compact in 0. 



of f{x)dlx = lim (/, n^), f e y. (16.10 

J ^ 7^oo 

gJ 6{x)d'^x= 1. (16.11 



Gj TT{x)dpX = 0, TT^l,aeC ( cf. (11.40)). 

G \x\p~^ 7r{x) dpX = 0, TT ^ 1, a G C. 



a 7^ G Z ( cf. (11.18)). 

= 0, a^ak.keZ ( cf. (11.18)). 



Gl \x — a|" ""^c^nX = 



p — 2 + p " 
p{l -p-") 



\a\p =p^,a^ ak,k e Z ( cf. (11.20)). 



\x^ + aX^-^^/^dpX=- 



Jb^ 
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(16.12) 
(16.13) 
(16.14) 



(16.15) 
(16.16) 



(16.17) 



■ 1 - p-^ 

0T^\a\p^p^,ay^ak,keZ,p = S{mod4) ( cf. (11.28)). (16.18) 

Gl \x -\- CL \p dpX = l^lp 5 

a ^0, a ak,k e Z,p = S{mod4) ( cf. (11.30)). 



(16.19) 



l-2/p+(l-l/p)(-^ + -,^) 



a 



2q: 
P 



_1 (l-l/p)p(2«-l)^ 



1 — P 



2q:-1 



7^ \a\p ^p^,a^ {ak,il - ak)/2,k e Z},p= l(mod4). (16.20) 



I *^ 1~ ^ I ^ ^ J) 



l-2/p+(l-l/p)(— ^+ ^ 



\a 



2a-l 
P ' 



a 7^ {ak, (1 - ak)/2, keZ},aj^O,p= l(mod4) ( cf. (11.31)). (16.21) 



70 

,-1 



g[ + l\^-^dpx = 1 - 3/p - 2^- 

JSn 1 



1 — P' 



aj^ak,keZ,p=l{mod4) ( cf. (11.32)). (16.22) 

{a,f3)^{ak,aj),{kJ)eZ\ (16.23) 

ia,p)j^iak,aj),ikJ)eZ\ (16.24) 
|x, mlp"""" * m|^~^ = Bp{a, (3)\x,m\p^^~^ 
-Tp{a)\pm\p\x,m\^~^ -Tp{f3)\pm\^\x,m\p~'^ , 

m^O,(a,/?) ^ (ak,aj),(kj) e Z'^ ( cf. (11.68)). (16.25) 

|x,m|p~^Xp(^x)dpX 

= rp(c.)(|^|;"-bmpo(KW, 

m 7^ 0, a G C (see (12.48)). (16.26) 
G/ b{xQ - k)dpX = p^-^ , /c = l,2,... ,p-l ( see (11.33)). (16.27) 

gI \\-b{x^-k)\dpX={\-2lp)p^ , 

k = l,2,... ,p-l (see (11.34)). (16.28) 

G S{xn — k)dpX = (1 — l/p)p'^~^ ^ 

/c = 0,l,... ,p-l,nGZ+ (see (11.35)). (16.29) 

gI [1- 5{xn - k)\dpx = (1 - 1/p) V, 
fc = 0,l,... ,p-l,nGZ+ (see (11.36)). (16.30) 

„ n 

Gj^ 5{x^ - k^)\{5{xi - h) = p^-''-\ 



^-i 1=1 
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fcz = 0, 1, . . . ,p - 1, fco 7^ 0, n = 0, 1, . . . (see (11.37)). (16.31) 



n 



G 



1 - 6ixo - ko) Yl Sixi - ki)\ = (1 - - p-"-^)p^, 
1=1 

A;/ = 0,1,... ,p-l,A;o7^0,n = 0,l,... (see (11.38)). (16.32) 

G (n 6{xi - ki)ypx = (1 - l/p)p^-^, 
"^^■y 1=1 

ki = 0,1,... ,p-l,n e Z+. (16.33) 

n 

1 - n^(^^^ - h)\dpx = (1 - i/p)(i -p-")p^, 



G 



'7 i = l 



/c; = 0, 1, . . . - l,n e z+. 



gI Ixl^-^'d^x = (1 - p~")p"^, a e C (see (15.8)). 



(16.34) 



(16.35) 



GI = ^ — ^K^, a 7^ a/c, A; e Z ( cf. (15.7)). (16.36) 

1 — p " 



gJ Ixl^-^'d^x = 0, a 7^ a/,, /c e Z, n e Z+. (16.37) 

g[ \{x,x)\^-^/\M^,x))d;x, mo\p>p^ 

= Vpia - n/2 + l)rp(a)|(^,0l;", 7^ + n/2 - 1, G Z}, 

n — 0(mod4),p 7^ 2 or n = 2(mod4),p = l(mod4). (16.38) 

= (-l)'^«^'^))r,(a - n/2 + l)fp(a)|(^,6lp-", 

7^ {ci^fe — 7ri/lnp, ak + n/2 — 1, /c G Z}, 

n = 2(mod4),p = 3(mod4) ( cf. (15.13)). (16.39) 

= r^(Q^)l(^,Oir' o^7^o^k,keZ,n = 2,p= l(mod4). (16.40) 

= rp(a)fp(a)|(^,.^)|~", a 7^ {a/e,a/e - 7Ti/lnp,k G Z}, 

n = 2,p = 3(mod4) ( see (14.9)). (16.41) 



a ^ {ak, ak + n/2 -l,k e Z}, 

n — 0(mod4),p 7^ 2 or n = 2(mod4),p = l(mod4). 
= (-l)^««))rp(a - „/2 + l)f plajlK.^)!;", 

7^ {oifc — Tii/lnp, ak + n/2 — 1, /c G Z}, 
n - 2(mod4),p — 3(mod4) ( see (15.15)). 

= r^(«)l(^,Oir' o^j^o^k,kez, 

n = 2,p= l(mod4) ( cf. (14.10)). 

= rp(a)fp(a)|(^,.^)|~",a 7^ {afc,a/e - 7Ti/\np,k G Z}, 
n = 2,p = 3(mod4)( cf. (14.11)). 

\x\^~''Xpixi)d^x = r^"Hc^), aj^ak,keZ,-fe Z+. 
gJ \x\^~''Xp{xi)d;x = r^"H«), a^ak^keZ. 

gJ \x\^-^xp{{^,x))d;x = r(-)(a)|^|;-, 

aj^ak,keZ,^j^O ( cf. (15.18)). 

(a,/3) 7^ (afe,^^)^ (/c,i) G Z^. 
G^ \x,m\^-^xp{{tx))d;x = rl^\a){\C\;^ - \pm\^) 
xO(|m^|p), m 7^ 0, a G C ( cf. (15.19)). 
gJ \x,l\-°'xp(i^^x))d^x 

= r(-)(n - a){\^\---p--)nmp), « e c. 

= -H-) («) bmg la;, m|g-- - r(-) (/3) |pm|g |x, m|"-", 
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{a,^)j^{ak,aj),{kJ)eZ^,mj^O ( cf. (15.25)). (16.52) 

= r;H-«) / T^^^^^^py, Rea>o. (16.53) 

J \x y\p 

= (1 - p-^-')-' J + y)- ^(^ + y/p)]\y\r~'dpy^ 

aj^ak-l,keZ. (16.54) 

a = ak-l,keZ. (16.55) 

= ip{x), a = ak,k£Z. (16.56) 

= J \^\p^iOXpi-^oc)dp^, Rea>-1. (16.57) 

= / \^\p[mXp(-^oo) - m]dp^, Rea < -1. (16.58) 

= / 1^1;' imxpi-^x) - m]dp^ + ypm 

JZp 

+ / \^\;'mXp{-^x)dp^, a = ak-l,keZ. (16.59) 

D^Xp{(^x) = WlpXpio^^): a G C,a 7^ 0. (16.60) 

D'^^x) = p^"$(a;), aeR [la)]. (16.61) 

D^[6i\x\p - p^)Xpiax^)] 

= p^''\2a\^5{\x\p - p^)xpiax'^), aeR, \2a\p ^ p^-^^ [la)]. (16.62) 

D^[riixo)6i\x\p -p^)]=p''^'-^^vMSi\x\p-p^), 

p-i 

aeR,p^2,J2v{k) = [26)]. (16.63) 

k=l 

(D^Dix), / e ^, spt / G Bn, \x\p > p^ 

= T:^\a)\x\^-\f,nM), [2a)]. (16.64) 

^~ ln|x|p(/,^7^^), a = -1 [2a)]. (16.65) 



plnp 
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D""! = 0, a>0. (16.66) 

D^'dix -a) = f-a{x - a), aeC,ae Qp. (16.67) 

= p^''6{\x\p-/-'')Sixo-j)xpie,/-'''x'), 
NeZ,p^2,a>0,£ = 2,3,... J = 1,2,... ,p-l, 

Ci = So + £ip + . . . +££-2, 

£, = 0,1,... ,p-l, £07^0,5 = 0,1,... ,£-2 [2c)]. (16.68) 

L>'^[0(p^- Vlp)Xp(ip-^^)] = P"^^^(P^- VIp)XpO>"^^), 

N e Z,p^2,a> 0,j = 1,2,... ,p- 1 [26)]. (16.69) 

D-[6(\x\2 - 2^+i-^)x2 (€£2^-2^x2 + 2^-^-^x)] 

= 2"^(5(|x|2 - 2^+i-^)x2(e£2^-2^x2 + 2^-^-%), 

AT G = 2, a > 0, ^ = 2, 3, . . . , i = 0, 1, e£ = 1 + ei2 + . . . + £1-22^'^, 

es = 0,l,s = l,2,... ,i-2 [2b)]. (16.70) 

D"[0(2^|a; - i2^-2|2) - (5(|x - i2^-2|2 - 2^-^)] 

= 2"^[Q(2^|a: - j2^-2|2) - S{\x - j2^-% - 2^-^)], 

N e Z,p = 2,a>0,j = 0,1 [2b)]. (16.71) 

D^n{p-^\x\p) = J~^^ p^^'-^\ xeB^,a>0 [2c)]. (16.72) 

D^6{\x\p-p^) = ^^±f^p-^'-^\ xeS^,a>0 [2c)]. (16.73) 
Let J^t, t) be a real symmetric kernel 

je{t,t) = 0, je{t,T) = p{i - i/p)-4-"-\r < t, 

and a function / G -^q^ such that 

|/(x)||x|~"~"^c?pX < oo. 



a;|p>l 
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Then 



(D'^Dix) = -j je{\x\p, \y\p)fiy)dpy + a\x\;'^fix), a > [2c)]. 

(16.74) 

In the following formulas §16 all integrals 



gJ f{z,z)dpZ 



are understood on the normalized measure dpZ — 6 ^dpxdpy, z = x + 
\fdy^z = X — \fdy of the field Qp(a/^), d ^ Q^^ (see (9.2)). In particular, 
^2 = G %W~d) : \zz\p ^q^];ak = ^,keZ (see (9.6)). 

g[ dpZ = 1. (16.75) 



-°o 



g[ \zz\^-^dpz = ^ — a^ak,keZ. (16.76) 

Jb^ 1 - g " 

gJ \zz\^-^dpZ = 0, aj^ak,keZ. (16.77) 

g( \zz\;-\p{z + z)dpz = (16.79) 



\z-z\^^-^ * = B,(a,/3)|zz|^+^-^ 

2 



(16.78) 



(a,/3)7^(afc,a,-),(^,j)€Z^ (16.80) 

(a,/3) 7^ («;,,«,), (/c,j)GZ2. (16.81) 
G^ X,{iz-z)dpz = + i±^^(0, 

P7^2,|d|p = l,d^Qf [4]. (16.82) 
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pj^2,\d\p = l/p [4]. (16.83) 

§17. Table of the Fourier transforms 

For one-to-one correspondence between preimage / G ^ and its image 
/ G ^ - the Fourier transform of / - we shah use the notation (see §7) 

fix) ^ /(6. 



cu^ix) ^ (5^(0- (17.1) 

5ix) ^ 1(0- (17.2) 

detA^O,beQ;. (17.3) 

fix -b) ^ xpiib, beq;. (17.4) 

fix) ^ fiO- (17.5) 

fix) ^ j fix)xpii^,x))d;x, fe^. (17.6) 

fix) ^ \xm [ f{x)xpiiLx))d;xmy, / e ^oc" (17-7) 

fix) ^ hm [ fix)xpiiC,x))d;xm^, fe^. (17.8) 

k 

fix) ^ {fix),nNix)xpiiC,x))), sptfeBN. (17.9) 

/*P ^ /-P- (17.10) 

/•^ ^ / *^. (17.11) 

(5(|x|p -p^) ^ (1 - l/p)p^nip^m-p^-'Si\^\p-p'-^). (17.12) 

7 



/(|xW0^(|xW ^ (1-1/p) Yl p'fip'Mp^\^\p) 

k= — oo 
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oo 



ii-yp)Y.p''f{p-'\(\;')-f{m;') [i-Jib^iJip)]. (17.13) 



fe=0 



00 



fc=0 



\x 



oc — 1 



\n\x\p ^ -(l-l/p)-Mnp(reg|^|;i + lM(0). 
1 I^Ip 



(17.15) 
(17.16) 



^ (1-1/p) 



p2 + m2|^|2 



00 



X 



■7. 



]r - p 



-27 



p-27+m2|^|2 



, m 7^ 0. 



(17.17) 



\x 



a-1 
P 



+ [rp(«)|^|;" + rp(/?)l^l;^xp(0] [i - mMi 

{a, (3) ^ iak,aj), (kj) G Z^. 



(5(|a;|^-l)|l-a;|«-^ ^ rp(a)xp(Ol^ir' 
7(0 ^2,^7^ 



(17.18) 

(17.19) 
(17.20) 



where 



X] ^fe = 0, r/^- = ^Vk exp (27rz— ) . 

/c=l k=l P 



\x\^-'n{p-^\x\p) ^ i_^p«7n(p7|^y 

1 — p 



+rp(c^)|^|;" [1 - n{p^\^\p)] , « /c g z. 
^(|x|p-i)^(xo-p + i) ^ P"'xp(-0^^(IKIp)- 

Xp(x)0(|px|p) ^ p(5(|^|p-l)(5(^o-p+l). 



(17.21) 
(17.22) 
(17.23) 



|a:,m|p ^ 



^ rp(c^)(l^ir- m7^0,c.GC. (17.24) 
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oo 



7=0 



-fiP^m^)\;% n = 2,p = 3(mod4). (17.25) 

oo ^ 
/((X,X)) + 



7=0 



-2(l-l/p)/(p|(^,0l;') + /(p'|(^,0l;')], n = 2,p^l(mod4). (17.26) 

|(x,x)|^-i ^ r^(a)|(^,Oir' 

n = 2,a 7^ ttfc, /c G = l(mod4). (17.27) 

|(x,x)|2-i ^ r^(«)rp(«)l(^,0l;", 

Q; 7^ {afc, CKfc — 7ri/\np, k G Z}, n = 2,p = 3(mod4). (17.28) 

|(x,x)|p+m2 ^ p2 + ^2 I ^) 1^ 1 + p7m2 I (^, ^) Ip ' 

n = 2,m 7^ 0,p = 3(mod4). (17.29) 

|(x,x)k+m2 ^ (1 - 1/p)' + ^) 1 +p7^2|(^^^)|^ 

1-1^ 1 



n = 2,m 7^ 0,p = l(mod4). (17.30) 

|(x,x)|«-/2 ^ r^(a-n/2+l)r^(a)|(^,0ir, 
a 7^ ttfe + n/2 — 1, G Z},n = 0(mod4),p 2 

or n = 2(mod4),p = l(mod4). (17.31) 
\{x,x)\^--/' ^ (_l)7((^,0)r^(^_„/2 + i)f^(«)|(^,^)|-^ 
7^ {o^k ~ TTz/lnp, Q;/j + n/2 — 1, /c G Z}, 

n = 2(mod4),n ^ 6,p = 3(mod4). (17.32) 

^ r("Hc^)l^ir, «7^c.;„/cGZ. (17.33) 



la— n 

\p ^ ' ^ p \>s \p 
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\xMT" ^ r(-H«)(l^ir- mj^O.aeC. (17.34) 

xdil^lp - \2a\pp^), \4a\p ^ p^'^^ . (17.35) 

xO(pi-^|^W, p^2,\a\p=p'-^\ (17.36) 
Xp{ax^Mp-^\x\p) ^ P^O(p^|<e|p), \a\pp^^ < 1. (17.37) 

^|2a|pXp(ax^)0(]?~^|x|p) <^ Xp{a)xp{-^^ /^a) 

xn{p-^\2a\;'\^\p), \4a\pp'^^p. (17.38) 

y^\2^^X2iax^M2-^\x\2) ^ A2(a)x2 (-^V4a) 

X(5(|^|2-2i-^), p = 2,|a|222^ = 2. (17.39) 

y^2X2iax^M2'^\^\2) ^ X2{a)x2{-e/^a)n{2^\^\2), 

p = 2, |a|22^^ = 4. (17.40) 
Xp(ax2) ^ Ap(a)|2a|;i/2xp(-^V4a), a 7^ 0. (17.41) 
Xp(xV2) ^ Xp(-^V2), P^2. (17.42) 
X2(xV2) ^ exp(i7r/4)x2(-^V2), P = 2. (17.43) 
y^exp(-|xg)xp(ax2) ^ 5(|a|-\ l/p)xp(-^V4a)^^(|a|p ^^^I^W 

+ {A^(a)exp(-|^/ag)xp(-^V4a) + \a\l^'\^\p'[Sm-^l/p) 
-exp(-|p^|;2)] }[1 - n{\a\;'/'\^\p)], p ^ 2,7(a) = 2k. (17.44) 

Y'^exp(-|x|^)Xp(ax2) |l/v^S'(p~Vlp\l/p) + [Ap(a) - 1/v^] 

xexp(-|pa|^i)}xp(-4V4a)^^(v^|a|;'/'|^W 
+ {Ap(a)exp(-|^/a|2)x^(-4V4a) + \o\y%\-p\S{\i\-p\\lp) 
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-exp(-|p^|;2)]}[l-0(v^|a|;i/2|^y, p^2,^{a) = 2k + l. (17.45) 
^/\a\i exp{-\x\l)x2iO'x'^) <^ |[^/2A2(a) - 1] exp(-|4a|2 ^) 
+5(|a|2-\ l/2)}x2(-^V4a)0(|4a|-'/'|^|2) + {exp{-\4a\-') 

+ [V2A2(a) - l]S{\a\^\l/2)]6{\^\2 - \a\l^')X2{-e /^a) 
v/2A2(a)exp(-|2a|2-'|^|i)X2HV4a) + \a\l^\\2'[Sm2^m 
-2exp(-|2^|2-')] }[1 - 0(|a|-'/'|^|2)], P = 2,j{a) = 2k. (17.46) 

^/mexp{-\x\l)x2{ax^) ^ 1/V2[5(|a/2|2 \ 1/2) - exp(-|2a|^i) 

+2A2(a)exp(-|8a|2^)]X2(-4V4a)l^(|8a|-'/'|^|2) 
+v^[5(|2a|2\l/2)+A2(a)exp(-|8a|2-^)]x2HV4a)^(|^|2-|2a|^/') 

+V2X2{a)S{\2a\^\l/2)x2{-e/^a)6m2 - 
+ {l«l2/'l^l2"M^(l^l2"',l/2)-2exp(-|2^|-^)] 



+V2A2(a)exp(-|2a|2-2|^|i)X2(- 
x[l - Q{2-'/^\a\-'^^\^\2)], p = 2,7(a) = 2A; + 1. 



(17.47) 
(17.48) 



e{p'^x)d{\x\p-p^) ^ p'ap,k{0)0-\Om\p-^), k = p{0) (17.49) 
where quantity ttp^k is defined in (8.17). 



\zz 



a — 1 

\p 



^ r^,d(«)ICCI;", 



a^ak,keZ,d^Qf, ( see (9.7)). 
\x\^-'^sgnp^^x <^ fp(a)|^|-"sgnp^^^, 



(17.50) 



a ^ ak — 7ri/\np, k ^ Z,p 2, \d\p = l,d ^ 



If 



( see (8.8)). (17.51) 



kip ^sgn^^^x ^ ^ sgnp^rf(- 1) l^lp "sgn^^^^, 
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p^2, |d|p = l/p (see (8.24)). (17.52) 
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